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Abstract. Let H be a Hopf algebra over a commutative ring k with unity 

and a : H <g> H > fc be a cocyclc on H. In this paper, we show that 

the Yetter-Drinfeld module category of the cocycle deformation Hopf alge- 
bra H a is equivalent to the Yetter-Drinfeld module category of H . As a result 
of the equivalence, the "quantum Brauer" group BQ(fc, H) is isomorphic to 
BQ(fc, H"). Moreover, the group Gal(?-{fl) constructed in 1191 is studied under 
a cocycle deformation. 



Introduction 

Let be a commutative ring with unity and let H be a Hopf algebra over k. In 
Doi introduced a cocycle twisted Hopf algebra called a cocycle deformation of 
H, for a 2-cocycle a : H®H — > k. It is shown in |Z] that Drinfeld's quantum dou- 
ble D(H) is a cocycle deformation of the tensor product Hopf algebra H* cop <g> H . 
If (H,R) is a coquasitriangular Hopf algebra, then (H a ,R a ) is a coquasitriangular 
Hopf algebra as well (see ^3 p61]), where R a = (<7r)i?(7 _1 and r is the flip map. 
It is well known that the braided monoidal category M.^ of right iJ-comodules 
with the braiding induced by the coquasitriangular structure R is equivalent to the 
braided monoidal category of right iJ CT -comodule category with the braid- 

ing induced by R" . Since the Brauer group Br(C) is a group invariant of a braided 
monoidal category C |17) . we have a group isomorphism from the equivariant Brauer 
group BC(£;, H, R) to the equivariant Brauer group BC(k, H a , R a ) 0]. The signifi- 
cance of this isomorphism was demonstrated via Sweedler's Hopf algebra H± which 
has a family of coquasitrianglar structures Rt indexed by the ground ring k. Since 
each (i?4,i? t ) is a cocycle deformation of (H^jRq), we have group isomorphisms 
BC(fc, H4, Rt) = BC(fc, H4, Ro), for all t £ k, where the later is known as the direct 
product group of the Brauer- Wall group BW(fc) and the additive group k + ^Hj. In 
this paper, we will show that the braided monoidal category equivalence between 
M. 1 ^ and M.^ is carried out by an equivalence braided monoidal functor from 
the Yetter-Drinfeld module category nyD H to the Yetter-Drinfeld module cate- 
gory h " yD . As a consequence, we obtain a Brauer group isomorphism between 
BQ(fc, H) and BQ(fc,i/ <T ) for any cocycle deformation H a of a Hopf algebra H 
with a bijective antipode. When (H, R) is a coquasistriangular Hopf algebra, then 
the group isomorphism restricts to the group isomorphism between the equivariant 
Brauer groups BC(fc, H, R) and BC(fc, H a , R a ) obtained in The equivalence 



1991 Mathematics Subject Classification. 16A16. 

Key words and phrases. Yetter-Drinfeld module, Brauer group, Azumaya algebra. 

1 



2 



HUI-XIANG CHEN AND YINHUO ZHANG 



of Yetter-Drinfeld module categories under cocycle deformation is of self-duality in 
the sense that the Yetter-Drinfeld module category uyD H is not only stable un- 
der cocycle deformation but also stable under dual-cocycle deformation. In other 
words, if 8 6 H ® H is a dual-cocycle and He is the dual-cocycle deformation of H, 
then the braided monoidal category nyD H is equivalent to the braided monoidal 
category Ho yD He . 

In the first section, we recall some basic definitions about the Yetter-Drinfeld mod- 
ule category of a Hopf algebra and the (equivariant) Brauer group of a (coquasitri- 
angular) Hopf algebra. In Section 2, we show that for a Hopf algebra H there exists 
a natural equivalence braided monoidal functor a from the Yetter-Drinfeld module 
category nyD H to the Yetter-Drinfeld module category n^yD 11 of the cocycle 
deformation H a with respect to a cocycle a : H ® H — ► k (see Theorem 2.3); and 
there exists a natural equivalence braided monoidal functor from uyD H to the 
Yetter-Drinfeld module category H e yD He of a dual-cocycle deformation Hg with 
respect to the dual cocycle 9 € H ® H . When (H, R) is a coquasitriangular Hopf 
algebra, then the equivalence functor a restricts to an equivalence functor from the 
full braided monoidal subcategory Ai^ of right f/-comodules to the full braided 
monoidal subcategory ■ It is well-known that the Brauer group BQ(k,H) 

is the Brauer group of the braided monoidal category ^yD 11 . Thus we obtain a 
group isomorphism from BQ(k,H) to BQ(fc,i/ <T ). When a is a lazy cocycle, the 
Hopf algebra H a is equal to H and a induces an automorphism of the Brauer 
group BQ(k,H). We obtain that the second lazy cohomology group B 2 L (H) acts 
on BQ(k,H) by automorphisms (see Corollary 2.7). 

Section 3 devotes to the study of the group Gal(Wn) of bigalois objects constructed 
in |19) under cocycle deformation. If (H, R) is a finite (faithfully projective) coqua- 
sitriangular Hopf algebra, we have a generalized cotensor product over the braided 
Hopf algebra Hr defined in the Yetter-Drinfeld module category nyT^ H (see [T5] 
for more detail). The generalized cotensor product induces a group structure on the 
set Gal(Hii) of quantum commutative H^-bigalois objects in the category h yV H . 
The group Gal(7i_R) measures the equivariant Brauer group BC(/c, H, R) via an 
exact group sequence: 

(1) 1 — >Br(fc) — >BC(k,H,R) — ► Gal(H R ). 

Now let a be a cocycle on H and let {H a , R a ) be the cocycle deformation of (H, R) 
with respect to cr. We show that the equivalence functor a defined in Section 2 
commutes with the generalized cotensor product, and induces a group isomorphism 
from Gal(7i_R) to Gal(7i|j. CT ). Moreover, the exact sequence Q is stable under 
cocycle deformation. That is, we have the following commutative diagram of exact 
sequences: 

1 ► Br(fc) ► BC(k,H,R) G&\(H R ) 



Br(Jfc) 



BC(k,H a ,R° 



Gal(H^). 
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1. Preliminaries 

1.1. Yetter-Drinfeld modules. Throughout, we work over a fixed commutative 
ring k with unity. Unless otherwise stated, all algebras, Hopf algebras and modules 
are defined over k; all maps are fc-linear; dim, (g) and Horn stand for dim^, <S>k and 
Homfc, respectively. For the theory of Hopf algebras and quantum groups, we refer 

to in ma 1121 cu 

Let if be a Hopf algebra with a bijective antipode S. A Yetter-Drinfeld ff-module 
(simply, YD ff-module) M is a crossed ff-bimodule. That is, M is at once a left 
ff-module and a right ff-comodule satisfying the following equivalent compatibility 
conditions: 

(2) E/i (1) • m (0) ® h {2) m {1) = £(/i (2) • m) (0) <g) (h {2) ■ to) (1) /i (1) , 

(3) £(/i-m)( ) ® (ft-m)(!) = Eft (2 ) ■ m (0) <g> /i (3) m (1) S , ~ 1 (/i (1) ), 

where /i e iJ, m G M , and the sigma notations for a comodule and for a co- 
multiplication can be found in the reference book ^1]. The category nyT> H of 
Yetter-Drinfeld ff -modules and their homomorphisms is a braided monoidal cate- 
gory with the braiding given by 

$ : M (g> N — ► N ® M, $(m ® n) = V" n (0) ® n (1) • m 
where M,N e H yD H . 

A Hopf algebra over k is called a coquasitriangular (CQT) Hopf algebra if there is 
an invertible element R € (ff (g> if)*, the convolution algebra of ff <E> ff, subject to 
the following conditions: 

(CQT1). R(h <g> 1) = f?(l <g> /i) = e(h), 

(CQT2). f?( 5 ® W) = E #0(1) ® 0^(5(2) ® M, 

(CQT3). ® g) = E ® ® 5(2)), 

(CQT4). E-R(5(i) ® h (1) )g {2) h (2 ) = E-R(#(2) ® 'i(2))/i(i)fl , (i) J 

for all <?, /i and / e ff . Now let ff be a CQT Hopf algebra with a CQT structure 
f?. Note that (CQT4) is equivalent to one of the following: 

(CQT4'). E9(i)R(g(2)®h) = J2R(g(i)®h i2) )S{h {1) )g (2) h {3) , g,heH, 
(CQT4"). E ® ft(2)) = E R(9(2) ® /i(i))5(3)/i(2)^- 1 (5(i)), if. 

If M is a right if- (or ff op )-comodule, the CQT structure f? induces a left ff-module 
structure on M as follows: 

(4) h >i m = TO( )f?(/i <8> 

for h E H and rn <E M, where we use the >i as we will have the second left ff-action 
induced by the CQT structure f? in Section 2. The if-action Q together with the 
original if-coaction makes M into a YD ff-module. Denote by A4^ the category 
of YD ff-modules with the left ff-module structure (@J coming from the right ff- 
comodule structure. It is obvious that Mr is a full braided monoidal subcategory 

of H yv H . 
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Now let H be a quasitriangular (QT) Hopf algebra, that is, H is a Hopf algebra 
with an invertible element 1Z — E ^ ' ® in H <g> H satisfying the following 
axioms (r = TV): 

(QT1). £A(ft«)®ftC0 = ^tj(i) 8r (i) ®Km r W, 
(QT2). E^ (1) )^ (2) = E^ (1) e(^- (2) ) = 1, 
(QT3). E^ (1) <8> A(ftW) = ® ^ (2) ®^ (2 \ 

(QT4). A c °P(h)K = KA(h), 

where A cop = r A is the comultiplication of the Hopf algebra H cop and r is the flip 
map. 

If A is a left f/-module (algebra) , then A is simultaneously a YD f/-module (alge- 
bra) with the right iJ op -comodule structure given by 

(5) A->A®H op , a^^2( ni2) a £ A. 



1.2. ii-Azumaya algebras. A Yetter-Drinfcld f/-module algebra (simply, YD H- 
module algebra) is a YD f/-module A such that A is a left if-module algebra and 
a right ff op -comodule algebra. For the details of if- (co) module algebras we refer 

to [El E3 021III]. 

Let A and B be two YD ff -module algebras. We may define a braided product, still 
denoted #, on the YD ff -module A(g) B: 

(a#fe)(c#d)=^a C(0) #(c (1) -6)d 

for a.c e A and 6, <f G B. The braided product # makes A#B a left ff -module 
algebra and a right ff op -comodule algebra so that Aj^B is a YD ff-module algebra. 

Now let A be a YD ff-module algebra. The H -opposite algebra A of A is the YD 
ff-module algebra defined as follows: A equals A as a YD ff-module, but with 
multiplication given by the formula 

So b = X] & (0)( & (1) ' a ) 

for all a, b € A. 

In |2] we defined the Brauer group of a Hopf algebra ff by considering isomorphism 
classes of ff -Azumaya algebras. A Yetter-Drinfeld ff-module algebra A is said to 
be H-Azumaya if it is finite (i.e., faithfully projective) as a k- module and if the 
following two Yetter-Drinfeld ff-module algebra maps are isomorphisms: 

F: AjfA — » End(A), F(a#b)(x) =J2 ax (o)( x (i) ' b )> 
G: A#A — » End(A)°f, G{a#b){x) = £a (0 )(a ( i) • 

For a finite YD ff-module M, the endomorphism algebra Endfc(M) is a Yetter- 
Drinfeld ff-module algebra with the ff -structures given by 

(fe-/)(m)=EV)-/W ( 2))-m), 

E/(0)M ® /(i) = E/("*(o))(o) ® 5- 1 (m ( i))/(m ( o))(i) 

for / e End(M) and m s M. The elementary ff-Azumaya algebra End(M) op has 
the different if -structures from those of End(M) (see for the details) . 
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Two if-Azumaya algebras A and B are Brauer equivalent (denoted A ~ B) if there 
exist two finite YD ii-modules M and N such that A#End(M) = B#End(7V)- 
Note that A ~ B if and only if A is iJ-Morita equivalent to B (see H Th.2.10]). 
The relation ~ is an equivalence relation on the set B(k, H) of isomorphism classes 
of _ff-Azumaya algebras and the quotient set of B(k, H) modulo ~ is a group, called 
the Brauer group of the Hopf algebra H , denoted BQ(fc, H). 

If (H,R) is a CQT Hopf algebra, then BQ(fc,if) contains a subgroup consisting 
of elements represented by /f-Azumaya algebras whose -H-module structures are 
induced by the CQT structure R via l@J). Such an ff-Azumaya algebra is called an 
i?-Azumaya algebra. The subgroup, denoted BC(fc,.ff, i?), is called the equivariant 
Brauer group of the CQT Hopf algebra (H, R) . 

2. The Yetter-Drinfeld module category of a cocycle deformation 

Let H be a Hopf algebra. Recall that a 2-cocycle on H is a convolution invertible 
fc-linear map a : H <g> H — > k satisfying: 

( 6 ) "J2 a (9m ® h (i)) (J (9(2)h(2) ®0 = <E>l w) (J (9® h (2)l(2)), 
or equivalently, 

( 7 ) X! ® ? (i))' :r_1 (.g(2) ® h (2)l(2)) = ^2 ^ 1 (9 ® h (1) )a(h {2 ) ® I), 

and <r(/i (g) 1) = cr(l (g> /i) = for all g, h, I € H. In general, the inverse u -1 of 

a 2-cocycle ct on is not necessarily a 2-cocycle on ff. But cr _1 satisfies: 

(8) J! 17-1 (5(1) ^(i) ® 0°" _1 (3(2) ® &(2)) = ^2 ® ^(l)^(l))CT _1 (/l(2) ® f(2)) 

for all g, h, I £ H. We will use the equation JHJ later in computations. Furthermore, 
a 2-cocycle a on H satisfies the following identity by [HI Theorem 1.6(a5)]: 

(9) 5>(tyi) ® Sihp)))*- 1 (S(h {3) ) ®h w ) = e{h), heH. 

In 6 , Y. Doi introduced a new Hopf algebra H a , called the u-deformation of H 
for a 2-cocycle a on iJ. The Hopf algebra H a is equal to H as a coalgebra. But its 
multiplication and its antipode are given by 

(10) h ' fj ti = >^ Q-(h(i) <g> /l'(i))^(2)^(2) cr_1 ( /l (3) ® h[ 3) ) 

and 

= £ *(h(n ® 5(/ l( 2)))5(^(3))a- 1 (5(/ l(4 )) ® 

respectively, where h,h' € H and S 1 is the antipode of 77. If S 1 is bijective, then S 17 
is bijective as well and its inverse (5 ,<T ) _1 is given by 

for all ft e i? CT (see 00). 

From now on, H will be a Hopf algebra with a bijective antipode S and u will 
be a 2-cocycle on H if it is not specified. We show in this section that the Yetter- 
Drinfeld module categories HyD H and w yT> H are equivalent as braided monoidal 
categories. To this aim, we first construct a covariant functor from tjyT3 H to 
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Lemma 2.1. Let M be a YD H-module M . Then 

(a) M is a left H a -module with the H a -action given by 

h^-m = Y,( h (2)-m(Q))(0)v((h(2)-m(0))(i)®h {1) )a-\h (3) ®m {1) ) 
= J2( h m ■ m^ ) )a(h i4) m^ ) S- 1 (h^ ) ) <Z> h^a' 1 (h {5) ®m (2 )), 
where h G H and m G M. 

(b) Denote by a(M) the left H a -module in (a). If f : M — > N is a YD H-module 
map, then g_{f) — f '■ <l(M) — > g_(N) is a left H° -module map. 

Proof, (a) It is clear that 1 — m = m for all m 6 M. Now let h, I G H a and 
m E M. Then we have 

I (h m) 

= J2( l ( h (2) ■ W(0))(0))o-((/l( 2 ) ' W( ))(i) ® /l ( i ) )cr" 1 ( /l (3) ® W(i)) 
= E('(2) ' (^(2) • ^(0))(0))(0)O-(('(2) ' 0(2) ' TO( ))(0))(1) ® 1(1)) 

® 0(2) ' »^(0))(l))c r ((^(2) ' m (0))(2) ® ^-(l)) cr_1 (' l (3) ® m (1 j) 

El 

= E('(2) • 0(3) • ^(0))(0))(0)O-(('(2) • 0(3) ' ™(0))(0))(1) ® /(I)) 
v( l (3)( h (3) ' TO (0))(1) ® ^-(1))CT _1 G(4) ® 0(3) ' W( ))(2)/l(2)) 
0" -1 O(4) ®m (1) ) 

( 2 ) 

= E('(2) ' (h(2) ■ m (0) ) (0) ) (0) CT((? (2 ) ' 0(2) ' m (0 ))(0))(l) <8> 

^(3)0(2) ' TO (0))(1) ® ^(1))CT _1 (Z(4) ® /l(3 ) m (1 ))cr~ 1 (/l( 4 ) <g> 77l( 2 )) 

(2^P ^((; (3) /j (2) ) . m ( o))( )0-(((7(3)fy2)) • m (0 ))(i) ® Z w ) 

0"(((i(3)/l(2)) • ™(0))(2)Z(2) ® fyl))o- -1 (Z(4)/l(3) ® m (l)) 

a- _1 (/(5) ® /i (4) ) 

= E(('(3)^(3)) ' m (0))(0)O-(l(l) ® ft,(l))o-(((/(3)/l( 3 )) • m (0 ))(l) <8> i(2)^(2)) 
CT" 1 (Z(4)/l( 4 ) ® m (1) )cr" 1 (/( 5 ) (8) /l( 5 )) 

= E(G(2)/i(2)) m)a(l (1) <g> ^(i))^- 1 ^^) <g> ft (3) ) 
= (I ' (j h) — 1 m. 

This shows that M is a left -ff^-module. 

(b) If / : M — > N is a YD .H-module map, then / is ff-linear and if-colinear. By 
the definition of (jllfl . we have for h G H a and m G M, 

f(h m) = /(0(2) ' "i(o))(o)MO(2) • TO( ))(i) ® /i(i))ct _1 (/i (3 ) <g> m (1) ) 

= ^2( h (2) ■ /M(o))(o)MO(2) • /M(o))(i) ® ^(i))o- _1 (/i( 3 ) ® /(m) (1) ) 
= ft /(m). 

□ 

Following Lemma 12. II we obtain a covariant functor er from the category HyT> H to 
the category of left iP-modules. We show that the functor a is in fact a covariant 
functor into the category u^yD^ . 

Lemma 2.2. Let M be a YD H-module. Then a(M) is a YD H a -module with the 
inherited right H-comodule structure of M . 



COCYCLE DEFORMATIONS AND BRAUER GROUP ISOMORPHISMS 



7 



Proof. Note that H a — H as a coalgebra. Since M is a right -ff-comodule, cr(M) = 
Af is also a right iJ^-comodule. By Lemma 12.11 g_{M) is a left H^-module. It 
remains to show that <j(M) satisfies the YD _ff CT -module compatibility Now let 
h e H a and m e ct(M). We have 

£0(2) m )(o) ® 0(2) m) ( i) v /i ( i) 

= £0(3) • W( ))(o) ® 0(3) • m (0))(l) 'a- /l(l)(T((/l(3) • m (0 ))(2) ® /l( 2 ))o- _1 0(4) ® ™(1)) 
= £0(3) ' TO (0))(0) ® Cr((/l( 3) • m( ))(l) <S> ft,(i))(/l( 3 ) • m (0 ) )( 2 ) fc(2) C^ 1 0(4) ® m(i)) 
= £0(2) ' »™(o))(0) <r((/l(2) ' TO( ))(1) <8> /l(i)) ® /l(3)TO( 1 )Cr~ 1 (ft,( 4 ) ® 771(2)) 
= £0(2) ' m ( o))(o)0'(0(2) ' m (0))(l) ® ^(1))^ _1 (^(3) ® "1(1)) 

®0-(/l(4) <8> W(2))/i(5)W(3) cr ~ 1 ( ft -(6) ®Wl(4)) 
= £0(1) m (0)) ® fy2) ' CT TO (!)' 

where the third equality follows from J2J. It follows that ct(M) is a YD f/ r<T - 
module. □ 

Thus we have constructed a covariant functor a from the category nyT^ H to the 

rj-<7 

category n<*yD . We show that a_ is an equivalence monoidal functor and pre- 
serves the braidings. Consequently, the two braided monoidal categories H~yT> H 

ttct 

and H^yD are equivalent. 

Theorem 2.3. Let a be a 2-cocycle on H. Then cr : HyT> H — > H"y'D H is an 
equivalence braided monoidal functor. 

Proof. By Lemma 12. II and Lemma 12.21 er is a covariant functor. It remains to show 
that a is a braided monoidal functor and it has an inverse functor. For any YD 
H- modules M and N, we define an isomorphism rjM,N- 

g_(M) ® a(N) — ► a(M ® N), m®7iH ^ TO(o) n( )C7 _1 O(i) ® ^(i))- 

It is easy to see that (ct, r?) is a monoidal functor from nyD H to n°y'D H ■ We 
show that (cr, 77) commutes with the braidings in the two categories. Recall that 
the braiding <I> of HyP> H is defined by 



for m e M, n 6 N and M, N e # 3^ • We have to verify the following commuta- 
tive diagram: 




a(M) ® o;(iV) 



*ff(M),ff(JV) 



ai(iv) ® ct(M) 



?7j\/,JV 



a(M (g> AT) 



a:($Af,jv) 



ct(7V (8> M). 
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Let to G g_(M) and n G g_(N)- Then we have 

{VN,M®a(M),o_(N))(m <g> n) 
= 7 lN,M( n (0) ® "-(1) 

= X/ ?JV < M Ko) ( n ( 2 ) • TO (o))(o))o-((«(2) ' m (o))(i) ® "•(i))o-~ 1 («(3) 

= 7l(o) ® ("-(3) • ™(0))(0)C _1 ((^(3) ' TO (0))(1) ® n ( i))cr((n (3) • TO( ))(2) 7l (2 )) 

CT~ 1 (n (4) (g> TO (1) ) 

= X! ™(°) ® ' TO (0)) cr ~ 1 ( n (2) ® m (l)) 

= (QL{$M,N)VM,N)(m®n). 

Next we show that the braided monoidal functor g_ has an inverse functor. Recall 
from [S] Lemma 1.2] that a^ 1 is a 2-cocycle on It is easy to see that (H* 7 ) 17 = 
H as Hopf algebras. Thus ct _1 induces a braided monoidal functor (er _1 ,£) from 
H°yV H ° to with ct _1 (M) = M as right comodulcs, = / and 

Cm,at : ct _1 (M) ® £ _1 (iV) — > er -1 (M ® iV), mgnn to( ) <g> 7i( )(r(n(i) ® W(i)) 
for all objects M, N and all morphisms / in the category B°y r D 

Now let M be a YD /f-module. Denote by -r the left (H a ) a ^ 1 = iJ-action on 
er -1 (er(A:f)). Then for any m G it -1 (<r(A/)) and /i G H, we have 

ft-^TO = 20(2) TO( ))( 0) cr _1 ((ft,(2) ™(0))(1) <8> /l(i))cr(/l( 3 ) ® 771(1)) 

= E0(3) • to (o))(o)ct((/i(3) • m( ))(2) <8> ft,( 2 ))o- _1 ( /l (4) ® m(i)) 

o" -1 ((/i(3) • "»(o))(i) <8> h {1) )a{h ( r o) ® to( 2 )) 
= h ■ m. 

That is, (a; -1 <r)(M) = M. On the other hand, it is not difficult to see that 
£ -1 (V?M,iv) ° C<T(Af),o-(Af) is the identity on M ® AT, where we have M ® N = 
(or 1 a)(M) ® (a" 1 ' ct)(AT) = (o^ 1 ct)(M <8 2V) for any YD tf-modules M and N. 
This shows that (a -1 ,^) o (01,77) is equal to the identity functor (Id, id) on the 
braided monoidal category HyD H ■ Similarly, we have (0,77) o (ct -1 ,^) = (Id, id) 
on the braided monoidal category H°yD H ■ Hence a is an equivalence braided 
monoidal functor. Consequently, H"yi^ H and uyT> H are equivalent braided 
monoidal categories. □ 

Now we consider a CQT Hopf algebra (H, R). Let a be a cocycle on H . By [7], we 
know that H" is also a CQT Hopf algebra with a CQT structure R a — ((jt)*R*<j~ 1 , 
that is, 

R a (g (g. /j) = ^ cr(/l(l) <8> 9(1))R(9(2) <8> ft-(2))(T~ 1 (5(3) ® ^(3)) 

for all g, h E H. Now let M G In this case, the i7-module structure is 

given by (@J. We show that the YD iJ^-module a(M) is in M^l. Namely, the 
_ff ff -module structure of g_(M) is induced by the CQT structure R a through Q. 
Thus we get the following well-known result (see the dual version [§■, Lemma XV 
3.7]). 
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Corollary 2.4. Let (H,R) be a CQT Hopf algebra and a be a cocycle on H. 
Then the equivalence braided monoidal functor <j restricts to an equivalence braided 
monoidal functor from the category -Mjf to A4^ a ■ 

Proof. Let M G M% . To show g_(M) e M^l , we have to verify that the ff "-action 
(lllfl on g_(M) coincides with the 77"-action, denoted [>", induced by R" and given 
by 10} . Indeed, let m e a(M) and h £ H a . We have 

= E m (0)O-(m {1) <g> h (1) )R{h { 2) ® mpj))^ -1 (h {3) ® m (3) ) 

= E rn(0)R(h(3) ® m (1) )CT(/i(4)m (2)l 5'" 1 (/i ( 2)) <g> /i(i))o- _1 (fy 5 ) (g) m (3 )) 

= XXfy3) >1 m (0))CT(^(4)™(l)»S' _1 (^(2)) ® ^(l))o- _1 (^(5) ® W(2)) 

= ft — m, 

where we use (CQT4") in the third equality. So a(M) £ .Mgr. □ 

Let A be a YD iJ-module algebra, namely, an algebra in the category nyT> H . Then 
g_(A) is a YD iJ^-module algebra with the multiplication given by 

m a : a (A) ® a (A) ^ a(A ® A) ^ a (A), 

where m : A <g> A — > A is the multiplication of A. Denote by a • 6 the product 
m a {a <g> 6) for any a, b £ <x(A). Then 

(12) a»6 = ^a( )6( )cr _1 (6(i) (K)a (1) ), a, 6 € 

That is, m a = m * (<t _1 t). Hence as an algebra g_(A) is the same as A a -\ T given 
in (101 (2.27)], where r is the usual flip map. 

Recall from ^7] that a braided monoidal functor T from a braided monoidal cat- 
egory C to a braided monoidal category 2? sends an Azumaya algebra in C to an 
Azumaya algebra in T>, and consequently induces a group homomorphism from the 
Brauer group Br(C) to the Brauer group Br(D). If the functor T is an equivalence 
functor, then the two Brauer groups are isomorphic. Thus the equivalence functor 
<7 from HyD H to n^yD* 1 sends an H- Azumaya algebra A to the _ff "-Azumaya 
algebra g_(A) with the product (|12|l and induces an group isomorphism from the 
Brauer group BQ(/c, H) to the Brauer group BQ(fc, H a ). 

Corollary 2.5. Let H be a Hopf algebra and a be a cocycle on H. Then the 
Brauer groups BQ(/c, H) and BQ(fc, H") are isomorphic. Furthermore, if(H,R) 
is a CQT Hopf algebra, then the two equivariant Brauer groups BC(fc, H, R) and 
BC(k,H a ,R a ) are isomorphic gj. 

In general, if a is a 2-cocycle on H and o\ is a 2-cocycle on H a , then o\ * a is a 
2-cocycle on H and H ai * a = (H a ) ai by Lemma 1.4]. Moreover, it is not difficult 
to check that ai(a(A)) = (cti * a) (A) as YD iJ CTl * CT -modules (or module algebras) 
if A is a YD i2-module (or module algebra) . 

A 2-cocycle a is called lazy if for all h, I £ H 

^2cr(h {1) <8>Z(i))fy 2 )Z( 2 ) = ^Z h W l W a ( h ^) ® Z (2))- 
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In other words, a lazy cocycle a commutes with the multiplication of H. It is clear 
that a 2-cocycle a is lazy if and only if H a = H as Hopf algebras (0 Lemma 
1.3]), i.e., the multiplication ■„ of H a is the same as the original multiplication of 
H. Thus, if a is a lazy 2-cocycle on H then ct -1 is also a 2-cocycle on H by |SJ 
Lemma 1.2]. The set of all lazy 2-cocycles forms a group [HQ, denoted 7j 2 l (H). 
The following corollary tells us that the group 7? L (H) acts on the Brauer group 
BQ(fc, H ) by automorphisms. 

Corollary 2.6. Let a be a 2-cocycle on H . If a is lazy, then a induces an auto- 
morphism of the Brauer group BQ(fc, H ) 

a:BQ(k,H)^BQ(k,H),[A] ^ \a(A)}. 

Proof. Follows Corollary 12. 51 □ 

Note that in ^3] P- Schauenburg introduced a cohomology group B. 2 (H) which is 
the quotient group of 7> 2 L (H) modulo the subgroup B 2 L (H) consisting of coboundary 
lazy cocycles. The cohomology group has been systematically studied by J. Bichion 
and G. Carnovale in £Q, where the group is called the lazy cohomology group, 
denoted H|(_ff). Precisely, a lazy cocycle a is coboundary if there is an (invertible) 
lazy 1-cocycle \i : H — ► k such that a(a,b) = /u(a(i))/i(&(i))/x _1 (a(2)&(2)) for all 
a.b G H, where /i satisfies the relations: X) / i ( a (i)) a (2) = X M( a (2)) a (i) an d /x(l) 
! for all a G H. That is, /i is a normalized central element in H* . We show 
that if a is a coboundary lazy cocycle, then the functor a is isomorphic to the 
identity functor of nyT> H . Thus the subgroup B|(_ff) acts on BQ(k,H) trivially. 
Consequently, the lazy cohomology group H^(iJ) defined in |13llTj acts on BQ(fc, H) 
by automorphisms. 

Corollary 2.7. Let a be a coboundary lazy 2-cocycle on H , then g_ is isomorphic 
to the identity functor. Consequently, the lazy cohomology group H^(iJ) acts on 
BQ(fc, H) by automorphisms. 

Proof. Let a G B 2 L (H). That is, a(g <g> h) = E/ 1 (9(i))M' l (i))^ 1 fe(2)' 1 (2)) for 
any g, h G H, where /i G H* is an invertible element such that /x(l) = 1 and 
£*(/i(i))/i(2) = X h(i)n(h(2)) for any h G H. It is clear that a~ 1 (g (8 h) = 
J2f J -(9(i)h(i))^' 1 {g(2))^ 1 {h(2)) for any g,h G 

Now for any M G nyP) H , define 

Cm : M a(M), m h-> to (0) /i(to (1) ). 

Then Cm is a YD H-module isomorphism. In fact, since fi is invertible, Cm is a 
/c-linear isomorphism. Now for any m G M and ft £ ff, we have 

p(CmM) = Ep( m (o)M™(i)) 

= X TO (0) ® m (l)t L { m (2)) 
= E TO (0) ® K m (l)) m (2) 

= ECM(m (0 )) ® m (1 ), 
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and 

= ZXtya) ' m (o))(o)CT((ft- ( 2) • m (0 ))(i) <8> /i ( i))cr" 1 ( /l (3) ® ™(i))m(™(2)) 

= E(^(3) ' m { Q))(0)^((h(3) ■ ^(0))(l))M(^(l))M _1 ((^(3) ' ra(0))(2)/l(2)) 

MV) TO U) (/i( 5) (m (2 ) )^(to(3) ) 

= ECK3) • m (0))(0)M((^(3) • ^(0))(1))M(^(1))M _1 ((^(3) • ^(0))(2)/l(2)) 
Ai(^(4)W(l))M _1 (^(5)) 

= £(/i(2) • m (0 ))(o)M(Ci(2) • w(o))(i))M _1 ((/i(2) • m(o))(2)/i(i)) 

K h (3) m (i)) ( sinc e Ei u (' l (i])' i (2) = E ^(1)^(^(2))) 
= ECm((/i(2) • "i(o))(o))M _1 ((^(2) •m (0 ))(i)/i(i))//(/i(3)m(i)) 

(2) 

= ECm(/1(1) • m (0) )^- 1 (/l ( 2)m (1) )/i(/l (3) TO ( 2)) 

= ( M (h-m). 

This shows that Cm is a YD f/-module isomorphism from M to a( M) . It is easy to 
see that Q is a natural transformation from the identity functor Id to the functor a. 
Furthermore, for any YD iJ-modules M and N, we have the following commutative 
diagram: 

M <8 N 

Cm ® Ca i/ \ Cm®a 

a{M) ® <j(N) ^ a{M ® TV). 
In fact, let m S M and n £ N. We have 

(vm,n((m O Civ))(m ® n) = E ^m.a^o) «m(o))M( TO (i))M n (i)) 

= E TO (0) ® "-(0)CT _1 («(1) ® W(i))/i(m( 2 ))M(^(2)) 

= E TO (o) ® «(o)M("(i)^(i)) 
= E( TO ® ™)(o)M(( to ®"-)(i)) 
= (M®N{m($n). 

It follows from the above commutative diagram that Ca : A — > er(^4) is also an 
algebra homomorphism, and hence a YD iJ-module algebra isomorphism if A is 
a YD iJ-module algebra. Thus we have proved that B|(iJ) acts trivially on the 
Brauer group BQ(fc, H). Hence H 2 L (H) acts on BQ(k,H) by automorphisms. □ 

For completeness, we now give the dual versions of Theorem 2.3 and Corollary 2.4. 
We will omit the detail of proofs and give the sketch of the construction. Let H be 
a Hopf algebra with a bijective antipode in the sequel. For an element r € H <g) H , 
we let ri2 and r-z-i stand for r (£> 1 and 1 ® r in H <S> H H respectively. 

Recall from that an invertible element 8 — J2 0^ ® 0^ e H ® H is called a 
dwaZ 2-cocycle if it satisfies: 

0ia(A®id)(0) = ^23 (id® A)(0). 
and (e ® id) (6) = (id <g s)(0) = 1. 

To a dual 2-cocycle 9 £ H ® H one may associate a new Hopf algebra . As an 
algebra Hg = H but with comultiplication given by 

A e (h) = 8A(h)8-\ h G He. 



12 



HUI-XIANG CHEN AND YINHUO ZHANG 



The antipode Se of He is given by 

Se(h) = y^'S^'jSlAlSffr 1 )' 1 ')^ 1 )' 2 ' 



J^^sae-^he^e- 1 )^, he h 9 



where 9 = ® # (2) and 8~ x = J2( d ~ 1 ) (1) ® (6 |_1 ) (2) m. H ® H. Note that 5 8 

is bijective since 5 is bijective. 

Let M be a Yetter-Drinfeld ii-module with the coaction p(m) = E m (o) ® m (i)> 
m G M. Then one can define a new ifg-coaction pe : M — > M ® ffg by 

p*(m) = • ((^ 1 ) (2) -m)(o)®^ ) ((^ 1 ) (3) 'm)( 1 }(^ 1 ) (1) 

Since He = H as algebras, M is a left ifg-module. It is straightforward to verify 
that the inherited -ffg-module M with the -ffg-comodule structure pe given by i|13|) 
is a Yetter-Drinfeld i/g-module, denoted 8_(M). Thus a dual cocycle induces a 
covariant functor 9 from to H e yD sending a YD ii-module M to the YD 

.He-module 8(M) and a YD ff-module morphism / to a YD iJg-module morphism 
0(f) = /■ 

For any two Yetter-Drinfeld H-modules M and N, let 

4>m,n ■ 8_(M)®8_(N) -+9(M®N), m®n h-> 6- l -{m®n) = ^(0 _1 )W-m®(0 _1 )( 2 >-n. 

Then 4>m,n is a family of natural isomorphisms and (9, <p) gives a braided monoidal 
category equivalence from hYD h to Hf) yT> H " . We summarize our above discussion 
in the following dual version of Theorem 12.31 

Theorem 2.8. Let 8 G H ® H be a dual 2-cocycle. Then the functor (9, </>) is an 
equivalence braided monoidal functor from hYD 1 * to h YD* 1 " . 

Now assume that H is a QT Hopf algebra with a QT structure K = ®H {2) ■ 

Let 

Then IZe is a QT structure of He. In this case, restricting the functor (9,<fi) on 
the subcategory h-M™ gives a braided monoidal category equivalence from hM 11 
to HffM n <> . Hence we have the following corollary dual to Corollarv l2.4l 

Corollary 2.9. Lemma XV 3.7] Let (H, TZ) be a QT Hopf algebra and let 
G H ® H be a dual 2-cocycle. Then the equivalence braided monoidal functor 
(#,</>) restricts to an equivalence braided monoidal functor from hM 71, to g () A4 Re . 

Let A be a Yetter-Drinfeld if-module algebra with multiplication m : A <S> A — > A. 
It follows from Theorem 12 . 81 that 8_(A) is a Yetter-Drinfeld i/g-module algebra with 
the multiplication given by 

me : 8(A) ® 8(A) ^4 8(A ® A) ^ 8(A). 
Let a • b := me(a ® 6) for any a, b G 0(A). Then 

a . 6 = £]((0 (1) • a)((0- x )^ • 6), a, 6 G 0(A). 
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If A is an ii-Azumaya algebra, then 9(A) is an i/g-Azumaya algebra. Thus, the 
functor 9 induces an group isomorphism from BQ(fc, H) to BQ(fc, Hg). 

Corollary 2.10. Let H be a Hopf algebra and 6 be a dual 2-cocycle in H . Then the 
Brauer group BQ(fc, H) is isomorphic to the Brauer group BQ(fc, Hg). Moreover, if 
(H, TV) is a QT Hopf algebra, then the two equivariant Brauer groups BM(fc, H, TV) 
and BM(fc, Hg,lZg) are isomorphic. 

A dual 2-cocycle 9 G H <g> H is said to be lazy if 9A(h) = A(h)9 for all h e H. 
This is equivalent to Ag = A, i.e., Hg — H as Hopf algebras. Note that for a 
lazy dual 2-cocycle 9, its inverse (9 _1 is a dual 2-cocycle as well. Let Z\(H) be 
the set of all lazy dual 2-cocycles in H. Then Z\{H) forms a group, which acts 
on the Brauer group BQ(fc,£f) by automorphisms like the group Z\(H) does. Let 
B%(H) be the sub group of Z\(H) consisting of coboundary lazy dual cocycle 9, 
i.e., 9 = (u ® u)A(u _1 ) for some central invertible element u in H with e(u) = 1. 
Similar to Corollary 12. 71 the subgroup B%(H) acts on BQ(fc,£f) trivially. 

Corollary 2.11. The cohomology group B%(H) acts on the Brauer group BQ(fc, H) 
by automorphisms. 

Example 2.12. Let k be a field with ch(k) ^ 2. Let iJ 4 be Sweedler's 4- 
dimensional Hopf algebra over k generated by two elements g and h satisfying 
the relations: g 2 = 1, h 2 = 0, gh + hg = 0. The comultiplication, the counit and 
the antipode of H4 are given by 

A(g) =g®g, A(h) = \®h + h® g, e(g) = 1, e(h) = 0, S(g) = 5, S(h) = gh. 

It is well-known that H4 has a family of QT structures parameterized by t G k: 

n t = -(l(g > l + l®g+g(g ) l-g l g ig ) + l(l<g ) l + g <g ig +l<g l g-g<g S 1) (/i (g, h). 

A straightforward computation shows that the group Z\(H/±) of the lazy dual 2- 
cocycles 9 t is isomorphic to the additive group k + , where #t are given as follows: 

9 t = 1 ® 1 + -h ® p/i, t E k. 

Note that #4 is a self-dual Hopf algebra. It has a family of CQT structures Rt 
and the cohomology group B 2 L (Hn) = Z\(H^) is isomorphic to k + ^ Example 2.1], 
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where t G fc. The action of the automorphism <r s on BQ(fc, H±) induced by a 
lazy cocycle o~ s is of particular interest, for a s moves the equivariant Brauer group 
BC{k,H 4 ,Rt) to BC(k,H 4 ,Rt- s ) and fixes the subgroup BW(k), the Brauer- Wall 
group of k. By [THllini and Corollary l2~51 we have BC(k,H A ,R t ) = BW(fc) x 
where kf = k + . It is not hard to show that fl k£ = 1 if s ^ t in fc. Thus, no 
distinct two elements er s and ov act as the same automorphism of BQ(k, H 4 ). It 
follows that H|(iJ4) = fc + is a subgroup of the automorphism group of BQ(/c, H4). 
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Similarly, the group H^ifi) — k + is a subgroup of the automorphism group 
of BQ(fc, H4). We show that the intersection of the two subgroups H|(ff4) and 
(#4) is trivial. One may take a while to compute that a s restricts to the iden- 
tity automorphism of the subgroup BM(fc, H4, TZq) for any s £ k. But 9 s i moves 
BM(k,H i ,TZ ) to the subgroup BM(fc, ff 4 , K- s >) for s' G k. Thus 8s_~ av as 
automorphisms except for s = s' = 0. 



3. The group of bigalois objects 

Throughout this section (if, f?) will be a finite CQT Hopf algebra. In [T^l, the 
author constructed a group Gal(Wfl) of 7^-bigalois objects, where Hr is a braided 
Hopf algebra in the category Mr , in order to compute the equivariant Brauer 
group BC(/c, if, R). In this section, we study the group Gai(H.R) under a cocy- 
cle deformation. We will show that the group Gal(Wfl) is stable under a cocycle 
deformation. That is, Gal(Wfi) and Gal(H^) are isomorphic groups. 

Recall that TLr is a braided Hopf algebra in the category M H defined by means of 
if. As a coalgebra, Hr coincides with if. The multiplication * and the antipode 
Sr are given by 

h*l = ^2l { 2)h {2 )R{S~ 1 (l(3))l(i) <8> h(i)), and 

S R (h) = S(h (2) )R(S 2 (h {3) )S(h (1) ) ® h {4) ) 
respectively, where h,l G if. As an object in Mr, TLr has the adjoint coaction: 

p(/ i )=^/i (2) ®% 1) )% ) , hen R . 

For the detail of TLr, the reader can refer to [§J Theorem 4.1] or ^] Lemma 2.1]. 

Let M be a YD if-module. We use the Sweedler notation ^ m( ) <8> mm for the 
if-comodule structure of M as usual, and use the following summation notation 
for the dual if *-comodule structure of the if-module structure of M: 

(14) M^M®H'\ mn^ 

A natural left f^-module structure stemming from the YD if-module structure of 
M is as follows: 



^ 15 ^ h->m = J2 S 1 ( h (2)) >i ■ m) 

= J2( h (2) ■ TO (o))-R(5' _1 ( ft -(4)) ® /l (3) m (i)'S'~ 1 ( /l (i))) 

for G Hfl, m G M, where >i stands for the action Observe that the right 
if-comodule structure of M induces two left if-module structures. The first one is 
given by Q , and the second one is given by 

(16) h\> 2 m= y]m(o)R(S(m(i)) <E> h) = y j m{ Q )R{m(X) ® ^^{h)) 

for h € H and m G M. Note that a right if-comodule M is simultaneously a YD 
if- module with the left if -action (|16|l . Now we define a right 7ii?.-module structure 
on M as follows: 

m<-/i = T. s i h (i)) >2 (/i( 2 ) -w) 

= E(N3) ■ "''(0)) i? ( ft -(4) TO (l)'S'~ 1 ( ft -(2)) ® /l(l)) 
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for m G M and h G Hr. It follows from that M is an HR-himodvlc with the 
actions Ijl5|) and (|17|) . and consequently M is an 7i^-bicomodule. Denote the dual 
left and right 7i^,-comodule structures by 

M — > H* R £S> M, to i-> to^ 1 ) (g) m (0) , and 
M^M®H* R , to ^to (0) 0m (1) , 

respectively. Then to <— ft = ^(m^ 1 ), h)m^ and /i — >m = ^(to*- 1 -*, h)rrv- ' . 

Similarly, we have a braided Hopf algebra Ti. Ra in the category Al^J , and one can 
define an H^„-bimodule structure on any YD H "'-module M. Consequently, M 
has an (Tt R a )-bimodule structure similar to (|15|l and (|17|l respectively. Denote the 
left and right dual (7~i Rf7 )*-comodule structures by 

M -> {H%,)* <E> M, to^^to < " 1> ®to <0> , and 
M -> M ® (Hr*)* , m m> ^]m <0> ® to <1> , 

respectively. If M is a YD if-module, then the left iJ^-module structure of M 
induces a dual right (i? CT )*-comodule structure similar to J2J. Let us denote the 
right (_ff CT )*-comodule structure by 

M — > M (g) {H a )*, to i-> y^TO <0> ® TO<1>. 

Now let M and M<> stand for the left and right H^-coinvariant submodules re- 
spectively. That is, 

<>M = {to G M\J2 r n ( '~ 1) «"7i (0) = e<E>m} 

= {m G M\m<-h = e(h)m,Vh &H R } 

and 

M = {to G M|J]™ (0) ® = TOige} 

= {to g M|ft -t>rn = e(h)m,Vh G W_r} . 

Lemma 3.1. |19l Lemma 2.5, p332] Let M be a YD H-module. Then we have 

(a) M = {to g M\h ■ to = h >i m, V/i G H} , 

(b) M = {to G M|/i • to = h t> 2 m, Vft G #} . 

The following lemma says that the left and right W^-invariant functors (— ) and 
o(— ) arc subfunctors from HyV H to h3^2? H . 

Lemma 3.2. Let M be a YD H-module. Then M and ©M are YD H-submodule 
ofM. 
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Proof. Let to G M<>. It follows from Lemma 13. If a) that h ■ m = ft >i m = 
E ?7i(o) <8> W(i)) for any h £ H. Hence we have 

J] ft • m( ) ® m(x) = Efyi) • m (o) ® -5 ,_1 (^(3))^(2)™(i) 

= E(^(2) • "l)(0) ® S' _1 (' l (3))(^(2) ' m)(l)ft(l) 

= E(A(2) >1 ™)(0) ® 'S'~ 1 ( /l (3))( /i (2) >1 

= E m (0) ® 'S'~ 1 (ft-(3)) TO (l) / i(l)^( ft -(2) ® TO( 2 )) 

= E m (0) ® #(ft(l) ® "l(i))S -1 (ft(3))ft( 2 )?7l(2) 

= E m(o)R(h ® m (i)) ® TO (2) 

= X)' 1 >1 TO (0) ® 

for all ft. G if. It follows from Lemma f3. If a,) that ^ m.( ) <8> m (i) € -^o ® # ■ This 
shows that M is an ii-subcomodule of M. Then for any to G M and ft G if, we 
have h ■ m = h E>i m = ^2 m^R(h <& mm) G M<>. Hence M is an iJ-submodule 
of M, and so M<> is a YD ii-submodule of M. Similarly, using Lemma fc.lf bL one 
can show that M is also a YD ii-submodule of M, □ 

Next we show that the equivalence functor g_ commutes with both 7ifl-invariant 
functors <>(— ) and (— )©. 

Lemma 3.3. Let M be a YD H -module. Then a(M) = M and <>a(M) = M as 
k-modules, and hence ct(A/ ) = g_{M) and a( M) = <>ct(M) as YD H a -modules. 
In particular, if A is a YD H -module algebra, then g_{Ao) — S.{A)o an( ^ sXo-A) — 
<>g_(A) as YD H a -module algebras. 

Proof. By Corollarv l2.4l and its proof, one can see M C er(M) . Since <r(M) is a 
YD fP-modulc and er -1 is a 2-cocycle on H a , we also have <r(M) C a^ 1 (a(A/)) = 
M<>. Hence ct(M) = M<>. 

Let to G oM and ft G H" . Then it follows from Lemma \'S. II and Lemma 13.21 that 

h\>° 2 m = E^O^Ki)®^)- 1 ^)) 

= X> ( o)E CT (m (1) ® S , - 1 (ft (3) )) ( j(S'- 1 (^(2)) ® V)) 

= E m (o) cr (5 , ^ 1 (^(5)) ® TO (1) )i?(TO (2) <8> S , - 1 (ft (4) )) 

(T-^m^) ® 5- 1 (/i ( 3)))(r(S'- 1 (/i(2)) ® fyi))^ 1 ^) ® S'Hfye))) 

= E m (0)-R( TO (1) ® 'S' _1 (^(6)))c r ('5' _1 (ft-(8)) ® ^(7)W(2)<S'~ 1 ( /l (5))) 
er(TO( 3 )S , - 1 (ft(4)) <g> ft( 1 ))cr~ 1 (TO( 4) ® S ,_1 (ft( 3 ))ft(2)) 

= E( /l (4) ^2 m (0) )cr( > S'- 1 (ft (8) ) <g ft (5) m (1)1 S'- 1 (ft ( 3 ) )) 

cr(S , " 1 (ft (7) )ft (6) TO (2) S'" 1 (ft ( 2)) ® ft(l))CT _1 ( ft -(10) ® S" 1 (ft(9) )) 

= E( /l (3) ' m^aih^m^S- 1 (ft (2 )) ® ft(i)) 

(T(S'- 1 (/l ( 6)) O ft(5)m ( 2))CT~ 1 (ft( 8 ) ® S'~ 1 (ft(7))) 
= E( /l (3) • m( ))(x(ft(4)Tn(i)»S'- 1 (ft(2)) ® ft(l)) 

cr(ft (9) S'~ 1 (ft( 8 )) ® ft(5)m- (2 ))cr _1 ( /l (10) ® S'" 1 (ft( 7 ) )/l( 6) TO (3) ) 
= E(^(3) ' "1(0))ct(^(4)"?-(1)<5 ,_1 ( /i (2)) ® h (l))v( h (5) ® m ( 2 )) 
= ft — x TO, 
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where we use (CQT4') and 10 to obtain the fourth equality, use © to obtain the 
sixth equality and use (0 to get the seventh equality. Again, from Lemma j^.lf b^ 
one gets m G <><I_{M), and so <>M C er(Af). Now replacing H, a and M with 
er -1 and cr(M) respectively, one also gets <>(J_(M) C <>ct _1 (ct(A/)) = M . Hence we 
have <,a{M) = »M. 

If A is a YD 7J-module algebra, then A and A are subalgebras of A. Thus the 
last statement follows immediately. □ 

Given two YD iJ-modules M and A, a generalized cotensor product M A A was 
introduced in [T2|. That is, 

MAN = j y] m, ® rii G M ® A <-^) =^]mi® (/i -t>n»), V7i G 7Yr | 

Observe that M A iV is still an 7ifl-bimodule with the left and right W^-module 
structures stemming from the left H_R-module structure of M and the right Hr- 
module structure of A. In fact, this 7ifl-bimodule structure of MA A comes from a 
YD H- module structure on M A A by (|T5|) and (fT7|l . The YD if-module structure 
of M A A can be described as follows: 

The left H- action on M A A is given by 

(18) h ■ '^2(m i ®n i ) = '^2 fyi) • rrn <8> ft.( 2 ) >i n,: = > 2 <8> hp) ■ ra», 

where J2 m i ® n « € M AN and h E H. The right iT-comodule structure of M A A 
inhcritcs from M (g> A. That is, 

(19) M A AT — » (M A A) <g> H, V] m; <g> n, h-> V]("ii(o) ® n *(o)) ® "i(i) m »(t)- 

Let J] mjigmj G M®N. Then by [HD Lemma 2.9] we know that Yl mi®^ G MAN 
if and only if 

(20) ^ h(i) ■ m, (g) /i( 2 ) >i rij = ^ fyi) > 2 "^ <8 ft(2) 1 n n V7i G if. 

Now we show that the equivalence functor a preserves the generalized cotensor 
product A. 

Lemma 3.4. Let M and A be YD H -modules. Then a(M) A a(N) = a(M A A) 
as YD H a -modules. 

Proof. By Theorem 12.31 and its proof, we have a YD iJ "'-module isomorphism 
Vai,N '■ 3i( M ® N ) 2-( M ) ®2l(A), x®y ^ £(o) ®y(Q)d{y(i) ® X(i))- 

We show that r]]^ N restricts to an isomorphism from g_(M A A) to a(M) A g_(N). 
In order to simplify the computation, we write x (8> y for an element ^ %i <8> Vi 
in M A A. Let x ® y G MAN. We show that the element N (x ® y) = 
X) a; (o) < 8>2/(o) (J (j/(i) ( S> a:: (i)) sits in g_{M)Ag_(N). By the proof of ^0 Proposition 2.10], 
MAAisanfl"-subcomduleofM(g)A. Hence X(^(o)®?/(o)) ( 8'y(i)^(i) S (MAN)®H. 
Following (|20ll we have the identity for all h G H: 

(21) ^ • X(o) <8> /l( 2 ) >1 1/(0) ® 2/(1)^(1) = X] fyl) >2 33(0) ® ^(2) ' 2/(0) ® 2/(1)^(1) ■ 
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Now for any h e H a , we verify the equation (|20|l for the element Tj } J N {x (g y)'- 



i7) 



(CQT4) 



iG) 



(CQT4" 



(2)(3) 



E V) ^(o) ® h (2) >f y(o)v(y(i) ® ^(i)) 

E0(2) • 33(0))(0) ® 2/(0)O"(0(2) • ^(0))(1) O ft,(i))cr _1 ( /l (3) ® £(1)) 
0"(y(l) <g> h( 4) )R(h (5) <g 2/(2) )<7 -1 0(6) ® 2/(3)V(2/(4) ® 3J( 2 )) 

E0(2) • 33(0))(0) ® y(0)O"((/l(2) • £(0))(1) <8 /l(i))cr _1 ( /l (3) ® ^(1)) 

a(y {1) (g h (i) )R(h {5) <g 2/(2) )<7 0(6) 2/(3) ® ^V^Om ® 2/(4)^(3)) 

EO(2) • a; (0))(0) ® 2/(0)^(0(2) ■ x (0))(l) ® ft.(i))cr _1 ( /l (3) ® £(1)) 

cr(y (1) ® h {i) )a{y {2) h (5) ® x {2) )R(h (6) <g y^a" 1 (h {7) 2/(4)^(3)) 

E0(2) • ^(O))^) ® 2/(0)^(0(2) • £(o))(i) ® ft.(i))cr _1 ( /l (3) ® X(l)) 
cr(/l (4) <g X( 2 ))cr(y(i) <8> fl( 5 )X( 3 ))R(h( 6 ) <g 2/(2) 0(7) ® 2/(3)33(4)) 

EO(2) ■ ^(o))(o) ® 2/(o)c(0(2) ■ x (o))(i) ® h {1) )R(h (5) <g y (1) ) 

O"0(6) 2/(2) 0(4)) ® ^(3)a;(l))CT _1 (^(7) ® 2/(3)21(2)) 
EO(2) ■ - T (0))(0) ® 0(5) >1 2/(0)MO(2) • SC(Q))(1) ® fyl)) 
C r (^(6)y(l)'S' _1 (^(4)) ® ^(3)^(1) )CT _1 (/l(7) <g 2/(2)33(2)) 

E0(3) • 35(0) )(0) ® 0(4) >1 2/(0))(0)c(O(3) ' Z(0))(1) ® fyl)) 
O"(0(4) >1 2/(0))(l) ® 0(3) • 33(0) ) (2)^(2) V" 1 0(5) ® 2/(1)^(1)) 

E0(3) >2 3f(0))(0) ® 0(4) ' 2/(0) )(0)^( 0(3) >2 35(0) )(1) ® fyl)) 
O-(0(4) ' 2/(0))(l) ® 0(3) >2 3?( ) ) (2)^(2) )c _1 0(5) ® 2/(1)^(1))- 

On the other hand, we have 

E h (i) >f s (o) ® /i(2) y(o) cr (y(i) ® £ (1 )) 

£*«>) ® 0(3) • y ( o))(o)i? CT (a;(i) ® (^)^ 1 0(i))) 
o-(0(3) ■ 2/(0)) (l) ® ^(2))cr~ 1 ( /i (4) ® 2/(i)M2/(2) <8> 33(2)) 

E 2 (0) ® 0(9) ' y(0))(0)CT(5 ,_1 ( /l (2)) ® ft -(l))CT(S' _1 (/i(5)) ® X{x)) 

R{x (2) ® S" 1 0(4) )V _1 0^(3) <g ^- 1 0(3)))^ _1 (^(7) ® S _1 (ty6))) 

<K0(9) • 2/(0))(l) ® ^(8))o-0(10)2/(l) ® 33(4))c -1 0(ll) ® 2/(2)33(5)) 
E^O) ® 0(12) • 2/(0))(0) cr (2 ; (3)'S' _1 ( /l (4)) ® ft.(i))cr" 1 (2 : (4) ® S" 1 0(3) )^(2) ) 

ie(a?(i) (g S^O^M-^Hfys)) ® /i(7)a;(2)5'- 1 (^(5)))CT- 1 0(io) ® S^Oo))) 

c(0(12) • 2/(0))(l) ® fyll)Mfyl3)2/(l) ^(5) V" 1 0(14) ® 1/(2)^(6)) 

E /i(4) >2 ai(o) ® (ft(ii) • y(o))(o)CT(a;(2)S' _1 (ft.(2)) ® /i(i)) 

<7(S _1 0(6)) ® ^J^ljS-^/Hs)))^ 1 !^) ® ^ _1 0(7))) 
c(0(ii) • 2/(0))(l) ® /i (9))ct((/i ( ii) • 2/(0))(2)^(10) ® ^(3))ct _1 0(12) ® 2/(1)^(4)) 
E0(3) >2 aT(0))(0) ® 0(9) ' 2/(o))(o)erO(i)S'~ 1 0(2)) ® 

O- _1 0(6) (g S'- 1 0(5)))c r (5' _1 (^(4)) ® 0(3) >2 »(0))(1)) 
ff0(7) ® ^(2))c r ((/l( 9 ) • 2/(0))(l) ® ft-(8)^(3))c r " 1 (^-(10) (8 1/(1)31(4)) 

E(^(3) >2 ai(o))(o) ® 0(10) • 2/(o))(o)C r (:r(i)<S'~ 1 0(2)) ® /i(i)) 

^0(6) S" 1 0(5)) ® 0(3) >2 X ( o ) ) (1) )(7" 1 (/l (7) (g S , ' 1 (/l (4) )0(3) >2 21(0)) ( 2 )) 
0-0(8) ® !K(2))cr(0(10) ' 2/(0)) (1) ® ^(9)^(3))o- _:l 0(ll) ® 2/(1)33(4)) 



(CQT4')0 



(2) 



(3)0 
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= E(' l (5) ^2 £(0))(0) <8 (/l(io) ' y(o))(o)C r (a;(i)S'" 1 (/i ( 2)) (8 fyi)) 
CT _1 (/i ( 7) <8 S" -1 0(6)) 0(5) >2 a;(o))(i)^(4)5' _1 (' l (3))) 

cr(/l( 8 ) (g) X( 2 ))ct((/i ( io) • 2/(0))(l) ® ^(9)2 : (3))CT _1 (^(11) <8 2/(1)2(4)) 
= E0(4) t>2 x [0) ) <8 0(8) • 2/(0))(0) 

o- -1 (fy 5 ) <8 a; (1)1 5'" 1 (/i ( 3 ) ))cr(a; (2) S'" 1 (/i (2) ) (8 /i (1) ) 

a(/i (6) (8) x (3) )ct(0(8) • 2/(o))(i) <8 ?i(7)a;(4))o- _1 (^(9) <8 2/(i)2( 5 )) 

IZI 

= E0(5) >2 2( )) ® 0(10) • 2/(0))(0) 

c r (^(6)^(i)5 ,_1 ( /l (4)) ® /i(i))<7 _1 0(7) ® a;(2)5' _1 ( /l (3))^(2)) 

O"0(8) (g) X( 3 ))<t(O(10) • 2/(0))(l) ® /l(9)a;(4))CT _1 (^(ll) (8) 2/(1)2(5)) 

(3) 

= E0(2) >2 2( ))(0) <8 0(4) • 2/(0) )(0)C( 0(2) >2 2( ))(1) <8 fyl)) 
O"(0(4) • 2/(0))(l) <8 /l(3)X (1) )o-" 1 (/l (5) ® 2/(1)2(2)) 

(2) 

= EO(3) >2 ^(o))(o) <8 0(4) • 2/(o))(o)°"(0(3) >2 a^(o))(i) ® fyi)) 
0-(O(4) ' %))(i) (^(3) ^2 a;(o))(2)/i(2))c r_1 ( /l (5) ® 2/(1)2(1)). 



Hence Efyi) x (o) ® ^(2) >i 2/(o)c(2/(i) <8 2 (1) ) = Efyi) >2 ^(o) ® fya) ^ 
2/(o) fJ (j/(i) <8> 2(i)). It follows from (ffiH) that rj^ N (x <8 J/) € ct(M) A a(N), and so 
ti^MAN) Ca(M) Aa(iV). 

Now replacing cr, M and TV with i/ ', cr -1 , <l(M) and cr(iV) in the above, 
respectively, one obtains rj M , N (a(M) Aa(N)) C (r _1 ((r(-M)) ACT _1 (a(iV)) = MAN. 
This implies ct(M)Act(A0 C r)^ N (MAN), and hence r)^ N (a(MAN)) = Vai,n( Ma 
N) = g_(M) Ag_(N). Thus the isomorphism 77^/ w restricts to an isomorphism of H a - 
comodules from a(M A N) to a(M) A a(N) as ^j^jv is obviously an 7J CT -comodule 
homomorphism. 

Finally, we verify that the restriction of r]^£ N on g_(M A N) is a left iJ CT -module 
map and consequently a YD iJ CT -module isomorphism. Let x (8 2/ S <l(Af A AT) and 
/i e iJ CT . Then by Lemma I?"T1 and we have 



h ' Vj^ifix ® V) = Efyi) 2(o) ®h(2) >i 2/(0)<7(2/(i) <8 2 (1) ) 

EO(2) • 2( ))(0) <8 2/(0)c(O(2) ' 2( ))(l) ® /l(l)) 
CT _1 (/l(3) <8 2(i))i? CT (/l( 4 ) <8 y(l))cr(y (2 ) (8 2(2)) 
= £0(2) • 2( ))(0) <8 2/(0)O-((/l(2) ' 2( ))(1) <g> /l(i)) 

a- _1 (/i( 3 ) (8 aj(i))cr(y (1 ) ® h (i) )R(h {5) <8 y (2) ) 

O" _1 0(6) <8 2/(3)M2/(4) <8 2(2)) 

£0(2) • 2(0))(0) ® 2/(0)O'(O(2) ■ 2( ))(1) <8 ft(l)) 

0" _1 O(3) <8 2(i))cr(y (1 ) (8 h(4))R{h( 5 ) <8 2/(2)) 

^0(6)2/(3) (8 2 (2 ))cr- :L (/l (7) (81/(4)2(3)) 
cqT4 j-^ (2) . X(0) ) (Q) (g, y iQ) a{{h {2 ) ■ 2(o))(i) ® fyi)) 
o- _1 (/i (3 ) (8 x (1) )cr(?/( 1) (8 h {i) )a{y [2) h {5) (8 2 (2) ) 

i?(/l( 6 ) <8 2/(3))CT _1 (ft-(7) <8 2/(4)2(3)) 
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(2)(CQT4" 



(3) 



E(fya) ' Z( ))(0) ® J/(0)O-((/l(2) ' 23( ))(1) ® ft(l)) 
0- _1 (/l( 3 ) (8) X (1) )cr(ft (4) ® a; (2 ))cr(y(i) ® /l( 5 )35( 3 )) 
R(h (6) ® 2/(2) V" 1 0(7) ® 2/(3)33(4)) 
EO(2) ■ Z(0))(0) ® 2/(0)^(0(2) ■ x (0))(l) ® /i(i)) 
^(^(l) ® h (3) X (1) )R(h (i) (g) 2/(2) V" 1 0(5) <8 2/(3)35(2)) 

EO(3) ■ »(0))(0) ® 2/(0)O"((ft(3) • 33(0) )(l) ® fyl)) 

#0(5) ® 2/(1) )o"0(6) 2/(2) 0(4)) ® (^(3) ' ^(0)) (2)^(2)) 

0" -1 (V) ® 2/(3)33(1) ) 

EO(3) • £(0))(0) ® ^(5) >1 2/(0)<KO(3) ' 33( ))(1) ® fyl)) 
C r (/l(6)2/(l)<5' _1 ( /l (4)) ® 0(3) ' 2:(0))(2)/l(2))CT _1 (/l(7) ® 2/(2)^(1)) 

EO(3) ■ a; (0))(0) ® 0(4) >1 y(0))(0)O"((ft(3) ■ 33(0))(1) ® ft(l)) 
cr((/l( 4 ) >i 2/(0) )(1) ® 0(3) ' ^(0))(2)/i(2))CT _1 ( ft -(5) ® 2/(1)3^(1)). 



On the other hand, we have 

'/jWyvO ( X ®y)) = E^MJvO^) ■ ( X (0) ® 2/(0)))ctO(4)2/(1)33(i)S'~ 1 O(2)) ® fyl)) 

£7 -1 (/l( 5 ) <8 2/(2)33(2)) 
= EO(3) ' 33( ))(0) ® 0(4) >1 2/(0))(0) 

0"(0(4) >1 2/(0))(l) ® 0(3) ' &(0))(1)) 

C r (/l(5)y(l)2;(l)<5' _1 ( /l (2)) ® ^-(l)) cr_1 ( /l (6) ® 2/(2)33(2)) 
= £0(3) ■ ®(0) )(0) ® 0(6) >1 2/(0) )(0) 

f(0(6) >1 2/(0))(l) ® 0(3) ■ a; (0))(l)) 

CT(ft-(7)2/(l)'S'~ 1 (^(5))^(4)33(i)5' _1 (^(2)) ® /l (l)) cr_1 ( ft '(8) ® 2/(2)33(2 

£0(2) ' 33(0))(0) ® 0(3) >1 2/(0))(0) 
0"(0(3) >1 2/(0))(l) ® 0(2) ' 33(0))(1)) 

f(0(3) >1 2/(0))(2)O(2) •• T (0))(2) ® fyl))0- -1 ( ft (4) ® 2/(1)33(1)) 

£0(3) ■ 3f(0))(0) ® 0(4) >1 2/(0) )(O)0"( 0(3) ' £(0))(1) ® V)) 
<KO(4) >1 2/(0))(l) ® 0(3) ■ 33(0) ) (2)^(2) V" 1 0(5) <8> 2/(1)33(1))- 



(3) 







It follows that r] A j N (h (x®y)) = h-r] M N (x®y). That is, t)m N is an iJ CT -module 
homomorphism, and whence g_{M) A a(N) = g_(M A AT) as YD if'-modules. □ 



Now let A and B be YD ff-module algebras. Then A and B can be regarded as 
algebras in A4r by forgetting the H- module structures of A and B. Then we can 
consider the braided product of A and B in .Mjf. Denote by A^rB the braided 
product to differ from the braided product Aj^B in HyT> H . It follows from 
Proposition 2.11] that A A B is a subalgebra of A#rB and the algebra A A 5 is a 
YD iJ-module algebra with the -ff-structures given by (|18fl and 1)19(1. We show that 
the equivalence functor cr preserves the generalized cotensor product of algebras. 

Proposition 3.5. Let A and B be YD H -module algebras. Then g_{A) Aa(B) and 
g_{A A B) are isomorphic as YD H a -module algebras. 
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Proof. By Lemma 13.41 and its proof, it is enough to show that the map 

Vai.n '■ oiA ®B)^> a(A) ® S.(B), a ® b h-> 2J a,(o) ® &(o)0"(^(i) ® a (i)) 

is an algebra homomorphism from g_{A#rB) to a(A)#Rva(B). Obviously, r]J^~ N (l#l) = 
1#1. Now let a, a' £ A and 6, b' G 5. Denote by • the product in g_(A)#R<ra{B). 
Then we have 

E( a (0)#&(0)) • ( a ( )# fe (0))°'( 6 (l) ® a (l)) a ( b {l) ® «'(!)) 

E0(o) • a' (0 )# 6 (o) • & '(o)) i?<r ( a (i) ® & (l)) cr ( & (2) ® ® a (2)) 

E( a (o)a( )# b (o) &/ (o))°' _1 (a(i) ® a(i))^ 1 { b ' {1) ®&(i)) 
# ff (a' (2) <g &(2))o-(6( 3 ) ® a ( 2))o-(6' (2 ) ® a' (3) ) 

E(o(o)ffl( )# & (o) 6 (o))°' _1 ( a (i) ® "(l)) "" 1 ^!) ® &(i)M&(2) ®a'(2)) 
i?(a' (3) <g> 6 (3) )cr" 1 (a' (4) ® 6(4))o-(&(5) ® a (2))o-(b[ 2) ® a' (5) ) 

E( a (o)a(o)# & (o)^( ))^ _1 (a(i) ®a(i))o"(6(i)6(i) ® a ( 2 )) cr ~ 1 ( fo (2) ® 6 (2)a' (3) ) 
i?(a' (4) ® 6(3))o-(o' (5) 6(4) <8> a (2 ))cr _1 ( a (6) ® & (5) a (3)M&( 3 ) <8> a' (7) ) 

E(«(o)«(o)# fc (o) f, '(o)) ,T " 1 ( a (i) ® a (i)M 6 (i) 6 (i) ® a' (2) ).R(a( 3) ® *»(2)) 

°" _1 ( & (2) ® a '(4) & (3))°'( a/ (5) & (4) ® a (2)) ' _1 (a(6) ® 6 (5)0(3) )ct(^( 3 ) ® 0(7)) 

E(o(0)O(Q)#&(0)6' (0) )c7-- 1 (a' (1) <g> a (1) ) J R(a' (2) <g 6 (3) ) 
f7(6' (1) 6 ( i) ® S , (6 ( 2))a' (3) 6 ( 4 ) )cr(6' (2) a / (4) 6 ( 5 ) ® a (2) ) 

C^H^s) ® a( 5 ) b (6)0(3))o- _1 ( a (6) ® 6 (7)«(4) M&( 4 ) ® a ( 7 ) ) 

E(«(o)a' (0) #&(o)6(o))o-" 1 (0(i) ® a (i))^(a'( 2 ) ® & (5)) 
o-(6' (1) 6 ( i) ® S , (6 ( 4))a / (3) 6 ( 6 ) )f7(6 / (2) 6 ( 2)S'(6( 3 ))a / (4) 6 (7) ® a (2) ) 
^(^"(s) ® 6 (8)a( 3 ))cr _1 (&' (4) ® a' (6) )cr(6' (5) ® a' (7) ) 
E( a (o)a(o)# & (o)^( ))CT _1 (a' (1) (g)a(i))i?(a' (2) ®6( 4 )) 
c^O^X^s) ® a ( 2))cr(6' (1) 6 (1) <g> 1 S , (6 ( 2))a / (4) 6 (6) a (3 )) 

£r_1 ( b (2) (5) ® V) a (4)) 

E(o(0)ffl(Q)#&(0)6( ))o- _1 (a' (1) (8 a ( i ) )o-(5(6(3 ) )6 (4) a' (2) <8> a (2) ) 
i?(a' (3) <g> 6( 5 ))cr(6' (1) 6 (1) ® S , (6 ( 2 ) )a' (4) 6 (6) a (3) ) 

°" _1 ( 6 (2) a (5) ®&(7)<*{4)) 

E( fl (o)fl(o)# 6 (o) h '(o)) ,7 ( & (i) l, (i) ® -5 , ( fo (2))&(3)a'(i ) a(i)) 

J?(a' {2) ® fo( 4 ))cr- 1 (^(2) a (3) ® 6 (5)0(2)) 

E( a (o)a' (0) #6(o)^ (0) )cr(fe' (1) &(i) ®a' (1) a (1) ) 
i?(a' (2) ® 6(2))o- _1 ( b (2)°(3) ® 6 (3) a (2))- 
On the other hand, we have 

VM] N ((a#b) . (a'#6')) 
= 7 ?M!w(E(a(o)#fe(o))(a' (0) #6' (0) )CT" 1 (6 / (1) a' (1) ®fe (1) a (1) )) 

= E^MV( a (°) a (0)# & (0) b (0))^( a '(l) ® & (i)) £7 ~ 1 ( b (i) a (2) ® 6 (2)fl(l)) 

= E(a(o)a(o)# b (o) 6 (o)M 6 (i) 6 (i) ® a' (1) a (1 ))-R(a' (2) ® 6 ( 2))o- _1 (6 / (2) a / ( 3 ) ®6( 3 )0( 2 )). 



(CQT4) 



(CQT4')Q 







(CQT4) 



(CQT4) 
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Hence n^ N (a#b) ■VM, N ( a '# b ') = VM, N (( a # b ) • ( a '# b '))- Thu s, ti m ] n is an algebra 
homomorphism from a(A# R B) to q_(A)^ R ^a(B). □ 

Let A be a YD H -module algebra. Recall from [lH Definition 3.1] that the extension 
A/A is said to be a right 7iJj-Galois extension if the fc-linear map 

(3 r : A ® A<> A -► A ® /3 r (a ® 6) = E a (0) 6 ® a (1) 

is an isomorphism. Similarly, the extension A/ A is said to be left Galois if the 
/c-linear map 

[3 l : A®, A A~>H* R ® A, l3 l {a®b)=Yl ® ab^ 

is an isomorphism. If, in addition, the subalgebra A (or A ) is trivial and A is 
faithfully flat over k, then A is called a left (or right) "H* R - Galois object. Denote by 
£(Tt R ) the category of YD -ff-module algebras which are 7i|j.-bigalois objects. The 
morphisms in £(Ti. R ) are YD H- module algebra homomorphisms (or equivalcntly, 
isomorphisms). If A and B are two objects of £(7i R ), then A A B is an object of 
£(H R ) by 19, Proposition 3.2]. 

Let H* be the dual Hopf algebra of H . Then H* is a YD iJ-module algebra with 
the f/-structures as follows: For h*,p G H* and h G H, define 

(22] h-p = J2P(i)(P(2),h), if-action, 

h*-p = E^( 2 )P 5 ' _1 ( /l (i))) ff-coaction 

where we use S for the antipodes of both H and H* in order to simplify the 
notations and we will do the same in the sequel. By |19l Lemma 3.3], H* is an 
object in £(H R ). Denote by I the object H* described above. It follows from ^| 
Proposition 3.4] that £(H R ) is a monoidal category with the product A and the 
unit I. 

Similarly, we have the monoidal category £(7i Ra ) for the CQT Hopf algebra (H a , R a ). 
Our main task in the rest of this section is to show that the equivalence functor a 
restricts to an equivalence monoidal functor from the monoidal category £{TL) to 
£{TL Ra ). To this end, we first look at the unit I" of £ (H R<T ) and show that a sends 
the unit I of £(U) to I a . 

Let (H a )* be the dual Hopf algebra of H" . Then I a = (H a )* as an algebra. The 
if "-structures of I a is given by 

, 23 n h- a p = X><i>(P<2>», IP-action, 

h*- a p = Y, h <2>P(S a y 1 ( h <i>), i? CT -coaction 

where h*,p G (H a )* and h G H a , and we use the sigama notation J] ^<i> ® ^<2> 
for the comultiplication of an element /i* G (H a )* to differ from the comultiplication 
Z)/im®ft(2) e ^ ■ Identify (IT® If)* with fl* ® If*, we may assume that a, 
o-- 1 eH* ®H* and may write a = £ <jW ® CT ( 2 ) and cr" 1 = £(<7 -1 ) (1) ® (o- 1 )^ 
in H* ®H*. Note that (H 17 )* = H* as algebras. Then for any h* e H* = {H a )* 
we have 

E ft <i> ® /l <2> = E ^(D ® /l (2)) CT_1 = E ® trW^j^- 1 )^. 
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Let x be a A:-linear map defined by 

(24) X-H^H, 3( (/ 1 )=^^ 1 (/ 1(4) ®S- 1 (ft ( 3 ) )/i (1 ))A( 2 ), heH. 
Consequently, we have a fc-linear map dual to x 

(25) X * ■ H* -» H\ ( X *(h*), h) = (h*, X (h)), h* eH*,he H. 

Lemma 3.6. x is a k-linear isomorphism from H to H with the inverse given by 

X _1 W = E^" 1 ^" 1 ^)) ® fc(i)M<S _1 (V)) ® ft(3))A(2), heH. 

Consequently, x* is a k-linear isomorphism as well. 



Proof. Let A be the fc-linear map given by X(h) = E 17 1 (S 1 (h(5\)®hn\)cr(S 1 (hu\) 
h(3))h(2), h G H. Then for any h € H we have 

(M)(h) = E^ 1 (V)®^" 1 ( /i (3))V)) A (V ) ) 

0-(S'~ 1 (/l(5)) ® h(4))h( 3 ) 

i Eff- 1 ('»(r)S , - 1 (^6))<8)V))a- 1 (/i(8)<8)5- 1 ^(5))) 
o-(S'~ 1 (/i(4)) ® h (3) )h {2) 

= EK^S (^(5)) ® ^(2))c r_1 (/l( 7 ) ® S , " 1 (ft, (4) )/l (3) )/l (1) 
= /l. 

Similarly, one can check that (xA)(/i) = /i for any h E H. It follows that x is an 
isomorphism with x 1 — A, and so x* is also an isomorphism. □ 



We are ready to show that a(I) = I a in £(7i^y 

Lemma 3.7. g_(I) and I" are isomorphic YD H a -module algebras. 



Proof. By Lemma 13. 61 x* '■ S.(H*) — * (H a )* is a fc-linear isomorphism. Hence it is 
enough to show that x* is a YD i? CT -module algebra homomorphism from g_{I) to 
Let h* e(H a )*,pe g_{H*) and heH a . Then we have 

<X*(fc*-p),&> = (h*-p, X (h)) 

= E^Hh^^S-Hh^h^ih^pS-Hh^h^) 

= E°" _1 (V) ® 5 ' _1 (^(5))^(1))(^(2)>(2)>(P,^(3))(S'~ 1 (^(1)), V)) 

= E ^(fye) ® S , - 1 (/ l(5 ))/i(i))(/i*, 5- 1 (/ l(4 ))/i( 2 ))(p, fc (a) ) 
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and 



(h*- aX *{p)M = E{hh>x*<p)(s°)-Hh<i>)>Q 

= E(h<2>, h (1) )(x*(p), h^dSn- 1 ^), ft( 3) > 

= E^x^)))^,^)- 1 ^))-^!)) 

= E v~Hh(5) ® S^{h {A) )h {2) ) (p, h {3) )a(S~ 1 (h {7) ) <g> /i (6) ) 

= E 0(7) ® -S 1 " 1 0(6) )ft(4) ) fys) > cr (S' _1 0(9) ) ® ft(8) ) 

<7 _1 (tyi4) (8 S , - 1 (/i (13) ))cr(S'- 1 (^(i2)) ® V)) 

(^^-^(ll))^))^ 1 ^ 1 ^)) ® tya)) 

= E CT 0(8) ®<S 1 (h i7) )h {5) )(p, h(6))a(S 1 (h {10) ) <8> /i (9) ) 

^0(15) £ _1 0(14)) ® /l(i))cr _1 0(i 6 ) <g> S' _1 (/l(i3))/l( 2) ) 
(ft*, 5- 1 (^(12))fe( 3 ))^ 1 (^ 1 (^(ll)) ® fy 4) ) 
- Eff" 1 ^" 1 ^^)) ® fys^O^fya))^"^) ® S'- 1 (/l(6))/i(4)) 
cr(S'" 1 (/l(ii ) ) (g) /l(io))o'" 1 (/l(i5) ® S'- 1 (/l(i4))/l(i ) ) 
(/l*,S'~ 1 (/l(13 ) )/l(2)}(p, ft( 5 )) 

i Eo-KS-^h^h^ ® 5- 1 (/ l(5) )/l (3 ))a- 1 (5- 1 (/ l (l0)) ® V)) 
(J^- 1 ^)) ® ^(8))^ 1 (^(14) ® 5- 1 (/l (13) )/ l(1) ) 
(/l*,S'~ 1 (/l (12) )ft ( 2)}(p,/l(4)) 

= E^ 1 (N6)®5- 1 (^(5))/1(1))(^.^ 1 (V))N2))(P,\3)). 



So x*0* m P) — h* 'a X*(p) an d X* i s arL -H^-comodule homomorphism from er(J) to 
I' 7 . 

Now we choose a pair of dual bases {hi, h 2 , • • • , h n } in H and {h*, hi,, ■ ■ ■ , h„} in 
H* as H is finitely generated projective. Then the comodule structures of / and 
I a are given by 



I^I®H, p^^h* -p®hi = ^2p(o) ®P(i) 

i=l 



and 
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respectively. Thus for any p £ g_(H*) and h, x £ H a , by Lemma \2. II we have 
(X*(h -^p),x) 

= E( ft (3) ■P(0),x(x))<r(h(4)P(i)S- 1 (h {2 ))<E)h( 1) )a- 1 (h {5) (g)p { 2)) 
= J2( h * •P,x(a ; )^(3))o-(^(4)^ i (i)S' _1 (' 1 (2)) <8> /i(i))ct" 1 (/i (5) /i l(2) ) 
= E( /l *(2)P' S_1 ( /l *(i))' :z: (2) /l (3))c r ~ 1 (a;(4) ® 5" 1 (a; ( 3 ) )x ( i ) ) 

CT(/l (4) /l l(1) 5" 1 (/l ( 2)) ® tyl))cr -1 (fy 5 ) ® ^(2)) 

= E(^* J 5 ' _1 ( a; (4)^(5))a;(2)^(3)}(p,a;(3)^(4))CT _1 (a;( 6 ) ® S -1 (a;(; 5 ))a;(i)) 

0"(/i(6)/i»(i)S -:l (fy2)) ® ^(i))o- _1 (^(7) ® 7li(2)) 
= E(P J a; (4)^(5))CT _1 (a;(8) ® S'~ 1 (a;(7))a;(i)) 

cr(/l (8) S'" 1 (a;( 6 )/l(7))x(2)/l(3)S'" 1 (/l(2)) <8> 

o- _1 (/i(9) ® S' _1 (a;(5)^(6))a;(3)^(4)) 
= E(P' a; (4)^(3)) cr ~ 1 (a;(8) ® 'S' _1 (a ; (7))a;(i))o-('5'~ 1 ( a; (6))a ; (2) ® tyi)) 
a- _1 (/i(5) ® S' _1 (a;(5)/i(4))a;(3) /l (2)) 

13 

= E(P>Z(4) ft (4))<K s (8)£ 0E(7))E(1) ®tyi)) 

a- _1 (a;(9) ® S'~ 1 (a; (6) )a;( 2) /(, (2) )cr- 1 (/i (6) ® S -1 (^(5)^(5:1)^(3)^(3)) 

= E ^(^(l) ® /l (l)) cr_1 ( a; (7) ® h^)S~ 1 (h( 6 ))S~ 1 (x^))x^)h( 2 )) 
0- _1 (/l( 8 ) ® 'S' _1 (^(5))'S' _1 (^(5))^(3)^(3))(P, ^(4) V)) 

(HI 

= E ^(^(l) ® ^(l)) ' _1 ( a; (5)^(5) ® S ,_1 (^(4)^(4))a;(2)^(2)) 

o- _1 (a;(e) ® h (6) ){p,x {3) h {3) ) 
= E^^i) ® ^(i))(p,x(a;(2)^(2)))CT _1 (a;(3) ®/i(3)) 

= (h-<TX*(p),x). 
It follows that x* is an "-module homomorphism from g_(I) to / CT . 
Finally, we verify that x* is an algebra map. Let p, q £ g_(I) and h £ H a . Then 

(X*(p»Q),h) = J2(P(0)Q(0),x(h))cr^ 1 (q(i)<E>P( 1 )) 

= E((h* ■ P)(hj ■ 9)^(2))^ 1 (^(4) ® S-\h (3) )h (1) )a-\h 3 ® ft,) 

= E( /l * J ' S ' _1 (' l (4))^(2)}(P,^(3))(^*,5' _1 (^(7))^(5))('?^(6)) 
<7 -1 (/l( 9 ) ® S' _1 (/l( 8 ))/l( 1 ))CT _1 (/l J ® 

= £(P, ft (3))<?) ^(8)}^ 1 ( /l (ll) ® 'S' _1 (^(10))^(6)'5' _1 (^(5))^(l)) 
<7- 1 (5- 1 (/l (9) )V)®5- 1 (^(4))/l(2)) 

£<P: /l (2))(<?, ^(6)}o- _1 ( /l (9)'S' _1 ( /l (8))^(4) ® ^ 1 (^(3) )^(1) ) 
CT-H^flO) ®<5 _1 (^(7))^(5)) 
= E(P>(2))(<7, ^(6)}o-~ 1 ( /i (4) ® 5'~ 1 (^(3))^(1)) 

<T- X (/l(8) ®5*- 1 (^(7))/i(5)) 
= £(P,X0(l)))(gSX0(2))) 

= <X*(p)x*(<zU>- 

Hence x*(P m< l) — X*(p)x*( c l) f° r allp, g £ £.(-0- ^ is clear that x*( £ ) — £ - Therefore, 
X* is an algebra map from a{I) to I a . □ 



(8! 
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Let w:iJ0iJ->fcbea fc-linear map. Then u) induces two fc-linear maps from H 
to H*. They are, 

u)i:H^H*, (u>i(h),x) = u(h® x), h,xeH 

and 

u> r :H^H*, {to r (h), x) — lo(x ® h), h,xeH. 

For the 2-cocycle a and its inverse cr , we have four fc-linear maps 07, ay, (a~ 1 )i 
and (a~ 1 ) r . Note that (cr -1 ); (or (<7 -1 )r) coincides with the convolution inverse 
<7j -1 (or ay -1 ) of 07 (or ay) in Horn (if, H*). 

Lemma 3.8. Let A be a YD H -module algebra. Then the k-linear map 

: A® H* -> A® H*, a<E>h* h-> ^O(o) ® o-;( a (i))(2)^*'5 _:L (cri( a (i))(i)) 
is an isomorphism with the inverse given by 

(f)- 1 : A® H* ^ A® H*, a®h* i-> ^ a (0 ) ® cr^ 1 (a (1) )( 2) /i*5 _1 (crf 1 (a (1) ) (1) ), 
where H* is the dual Hopf algebra of H . 

Proof. Identify A <g> H* with Hom(-ff, A). For a e A, h* e H* and he H,we then 
have 

(0-V)(a®h*) = J]a (0) ®cr;~ 1 (a (1) ) (2) cr;(a ( 2))(2)/i*5"- 1 (CTi(a ( 2))(i))5- 1 (o-^ 1 (a (1) ) (1) ). 
It leads to the following equations: 

[(cj>- x <t>)(a ® h*)){h) = £ a (o) (c r r 1 ( a (i))(2)> /i (i))(°'i( a (2))(2), h(2)){h*, h {3) ) 

(5- 1 ( cr i( a (2))(l)),V))( S ' _1 ( cr r 1 ( a (l))(l))' /l (5)) 

= E a (o)(c r r 1 ( a (i))' 5, ~ 1 (' i (5))^(i)) 

(o"! («(2) ) . S~ 1 (/l( 4 ) )h( 2 ) ) (h* , /l(3) ) 

= E a (o)CT _1 (a(i) ® '5' _1 (^(5))^(i)) 
cr(a (2) (g) S- 1 (h {4) )h (2) )(h*,h {3) ) 
= a(h*,h) = (a®h*){h). 

It follows that </> _1 </> — id. Similarly, one can show that </>0 -1 = id. □ 

Lemma 3.9. Let A be a YD H -module algebra. Then the k-linear map 

ijj : H* ® A^ H* ® A, h* ®a^^2 °~r{a{t)){<2,)h* S^ 1 (a r (a {1) ) {1) ) ® a (0) 

is an isomorphism with the inverse given by 

•(/T 1 : H* ® A~> H* ® A, h* ® a i-> a~ 1 (a {1) )^ ) h*S^ 1 (a~ 1 (a^) w ) ® a (0) . 

Proof. Similar to the proof of Lemma □ 

Now we are ready to show that a sends any object of £(TC R ) into £ (W^)- 

Proposition 3.10. Let A be a YD H -module algebra. Then 

(a) ct(A)/ct(A)o *s a right (H,^)* -Galois extension if and only if A/A is a right 
Tift -Galois extension. 

(b) g_{A) 1 g_{A) is a left (Ti^)* -Galois extension if and only ifA/ A is a left 
TL* R -Galois extension. 
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Proof. By Eq.(12)], the Galois map (i r : A ® A « A A <g> H* R is given by 



I3 r (a®b) = ^a [0 ]( )&® a[i]5 1 (i? r (a [0 ](i))), a,b e A. 



Similarly, the Galois map /3£ : S_{A) <SV(a)<> il(^) <I.(A) CS> {Ti a R a)* is given by 



#(o®&) = £a <0 >(o)»&®o<i > (S <r )- 1 (i2?(a<o>(i))) 

= E a <o>(o)&(o)C r_1 ( & (i) ® a<o>(i)) ® a<i>(S r °') _1 (- R r (°<o>(2)))- 

By Lemma 13.21 and Lemma 13.31 it is straightforward to check that the ^-linear 
isomorphism A ® A — » er(A) (g> a ® h- » a (o) ® ^(o) tT (^ ) (i) ® a (i)) induces an 

isomorphism 



/ : A ® Ao A -> a{A) ®a(A) a a®b^>Y^ a (o) ® b (o)&(b(i) ® «(!))• 



As fc-modules, we may regard a(A) (g> (H Rtr )* — A ® 7YJj = A ® iJ*. We claim that 
the following diagram is commutative: 

/ 1 l(id®X*)^ 

where x* an d are isomorphisms given in l|25|l and Lemma 13.81 respectively. In 
fact, let a, b e A. Then we have 



(Paf)(a® b ) = E a (0)<0>(0)&(0) ® a (0)<l>( 5<T ) 1 ('Rr( a (0)<0>(2))) 

o- _1 (6(i) ® a ( o)<o>(i))cr(6( 2 ) <8> a (1) ) 



and 



((id(g)x*)^/3 r )(a®6) = X! a [o](o) 5 (o) ® X*(<ri( b W a [o](.i))(2) a [i] s 1 ( i ?r(a[o](2))) 

S~ (c;( & (i) a [o](i))(i)))' 
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Identify A <g> H* with Hom(H, A), then we have for any h £ H, 



,7, 



(2)(CQT4) 



can 



E1(CQT4) 



(2)0 



mf)(a®b)](h) 

J2 a (o)<a>(o) b (o)(a(o)<i>, h (i)){Rr( a (o)<a>(2)), (£ CT ) _1 0(2))) 

<g> 0(0)<0>(1))0"(&(2) ® 0(1)) 
EO(i) a (0))(0)^(0)CT _1 (&(l) ® 0(1) O(0))(l)) 

ir((S CT )- x 0(2)) ® - a (0 )) ( 2))o-(6 (a) ® 0(i)) 

£0(2) • O( ))(0)0(0)O _1 0(l) ® 0(2) ' a (0))(l)) 

R' T (S- 1 (h (e )) ® (Tip) • £J(o))(2)M&(2) ® a (2) )cr((/i ( 2) • a(o))(3) ® V)) 
cr-^/iO) <g> a (1) )o-(S'- 1 (/ i(5) ) ® /i ( 4))o- 1 0(8) ® S^HV))) 

£0(2) • a(0))(0)&(0)^ _1 ( & (l) ® 0(2) • ffl(Q))(l))o-((/l( 2 ) • 0(o) )(2) ® S^fyg))) 

i?(5- 1 (/i (7) ) <8> (/i (2) • a (0) )(3))cr- 1 (5- 1 (/i( 6) ) <g> (/i( 2 ) • a (0 ))(4)) 

^(0(2) • O(Q)) (5) ® h (l))^\ h (3) ® 0(i)) 

cr(S , - 1 (/l( 5 )) ® /l(4))CT _1 (/l(io) ® S' _1 ( /l (9))) cr ( fo (2) ® 0(2)) 

£0(3) • a(0))(0)^(0)C r (&(l)O(3) • O(0))(l) ® S" 1 ^!!))) 
O _1 (0( 2 ) ® 0(3) • a(0))(2)S' _1 (^(10)))^('S'~ 1 (^(9)) ® 0(3) • 0(0)) (3)) 
ct(5~ 1 (/i (8) )(/i (3) • O(o)) (4) ® /l ( i))cr _1 ('5' _1 ( /l (7)) <8> 0(3) • O( ))(5)ft(2)) 
0- -1 (/l(4) <g> a (1) )cr(5~ 1 (/l (6) ) (g> /l( 5 ))o-^ 1 (/i(l3) ® 5 ,_1 ( /i (12)))ct(6( 3 ) ® 0( 2 )) 

£0(2) • a(o))(oAo)tf(k(i)0(2) • a (o))(i) ® -S^ 1 0(11) )) 

o _1 (o( 2 ) ® 0(2) • a( ))(2)S ,_1 (^(io)))o-((^(2) • a(0))(3)S ,_1 (^(9)) ® O(i)) 

fi(5 -1 (fe( 8 )) ® 0(2) • a ( o))( 4 ))cr" 1 (5" 1 (/l (7 )) (8) 0(3)0(1)) 

CT" 1 ( /l (4) <8> a(2))CT(S' _1 ( /i (6)) ® «(5))o" _1 0(13) ® '5'" 1 ( /i (12)))ct(6( 3 ) ® 0( 3 )) 
E0(3) • 0(0)) (O)0(O)O-(&(1)O(3) • a (0 )) (l) ® 5 _1 0(13))) 

O"0(2)0(3) ■ a(o))(2)5' _1 ( /l (i2)) ® /i(i))o- _1 ( & (3) ® 0(3) • O(o))(3)£ _1 0(ii))o(2)) 

fl(5 _1 0(10)) ® 0(3) • a(0))(4))cr _1 ( 5 ' _1 (^(9)) /l (4) ® O(i)) 

CT-^S'-^/lp)) g) /i (5) ) ( t(S*- 1 (0(7)) ® /l(6))^ 1 (0(15) ® S ,_1 0(14)))o0(4) ® 0( 2) ) 

£0(4) • a(0))(0)&(0)^ _1 ( /l (10) ® S -1 0(9))M<S -1 0(8)) ® 0(1)) 
O"0(l)0(4) • a (0))(l) ® S' _1 (' 1 (7))^(2))^(S' _1 (^(6)) ® 0(4) • O( ))(2)) 
0- 1 (6( 2 ) <g> 5" 1 (/l (5) )(/l (4) • a( ))(3)O(3))(T(6(3) <g> 0(1)) 

£0(4) • a(o))(o) fo (o) cr (' 1 (ii)'5' _1 (' l (io)) ® fyi))o" _1 0(i2) ® S^ 1 (h (9) )h {2) ) 
o(6(i)0(4) ■ a (o))(i) ® S- 1 (h {8) )h (3) )R(S- 1 (h (7) ) (g> (fy 4 ) • a (0) ) (2 )) 

O _1 (0( 2 ) ® »S' _1 (^(6))^(5)a(l))0'(^(3) ® 0( 2 )) 

E0(3) • o)(o)6( )o-- 1 0(7) ® 5 ,_1 (^(6))/i(i)) 

0(6(1)0(3) • 0)(1) ® 5- 1 (/l (5) )/l (2) )i?(S'- 1 (/l (4) ) (g) 0(3) • 0)(2)), 
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and 

[((id®x*)<t>0 r )(a®b)](h) 
= E a [o](o)&(o)(CTi(&(i)a[o](i))(2)a[i]S'~ 1 (i? I .(a [0]( 2)))S' _1 ( cr i(^(i) a [o](i))(i)),x(^)) 

= E a [0](0) fe (0)CT _1 ( /l (7) ® S' _1 ( ft -(6))' 1 (l))( cr /( fe (l)a[0](l))(2)^(2)} 
< a [l]7/i(3))(-Rr(a[0](2)),'S' _1 (^(4))}(o-;( & (l) a [0](l))(l); 1 (/l( 5 ) )} 

= J2 a [o](o)b(o)^ 1 (h(7) ® S- 1 (h (6) )h {1) )<j(b {1) a [0]{1) <g> S , ~ 1 (/i ( 5))/i( 2 )) 

> h( 3 ) }R{S~ 1 (/i( 4 ) ) (g> a [0 ] ( 2 ) ) 
= E(^(3) • a)(o)&(o)^ _1 (V) ® 5, " 1 ( /l (6))^-(i)) 

o"(^(i)(^(3) ■ a )(i) ® S ,_1 (^(5))ft(2))-R(S r_1 (/i(4)) ® 0(3) ■ «)(2))- 

Since x* and are isomorphisms, it follows from the foregoing commutative diagram 
that /3£ is an isomorphism if and only if [3 r is an isomorphism. This completes the 
proof of Part (a). 

Part (b) follows from a similar argument by using the isomorphisms ip in Lemma l3.9l 
and x*- D 



Combining Lemma Ii3. 31 Proposition 13. 51 Lemma f3. 71 and Proposition we now 
arrive at the monoidal equivalence between £(Tt) R and ^(W„„). 

Theorem 3.11. £(T~L Rer ) and £(7i R ) are equivalent monoidal categories. 



Let E(Hr) be the set of the isomorphism classes of objects in £(H. R ). Then E(TCr) 
is a semigroup with the product induced by the generalized cotensor product A. 
Denote by Gal(7iij) the subset of E(Hr) consisting of the isomorphism classes of 
objects in £{TL R ) that are quantum commutative in n~yD H , where a YD iJ-module 
algebra A is quantum commutative in case it satisfies 

(26) ab = 6( ) • a), for all a, b e A. 

The subset Gal(TtR) is a group (see [191 Theorem 3.9]). Since the quantum com- 
mutativity l|26|) is defined by the braiding of the category Hy'D H and g_ is a braided 
monoidal functor, g_(A) is quantum commutative in wy'D H if A is quantum com- 
mutative in uyT> H . Thus we obtain the following main result of this section. 

Theorem 3.12. The Junctor g_ induces a group isomorphism from Gal(7i_R) to 
Gal(H. R v) sending an element [A] to the element [a (A)]. 



If a is a lazy 2-cocycle on H, then a induces a group isomorphism from Gal(7i^) to 
Gal(7ifl<r). For example, every CQT structure Rt of H4 in Example 12.121 is equal 
to Rq for some lazy cocycle a. By Theorem 13. 121 we have Gal(Ti.R t ) = G&\{T-Lr ). 
Similar to Corollary 12. 71 we have that Hj^(H) acts on Gal(7ii?) by automorphisms. 

To end this section, we show that the exact sequence Q is stable under the equiv- 
alence functor <7. For simplifying notations we will write in the sequel Mo for the 
coinvariant subset M coH of right iJ-comodule M: 

jm G M p{m) = ^ m(o) ® m (i) =m<8>l}. 
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Let A be a right £f op -comodule algebra. Recall that A/Aq is called an H op -Galois 
extension if the Galois map is bijective: 



If, in addition, A is i?-Azumaya, then we say that A is a Galois R-Azumaya algebra. 
It is known that any element of BC(fc, H,R) can be represented by a Galois R- 
Azumaya algebra ^3 Corollary 4.2]. 

Now let A be a right _ff op -comodule algebra such that A/Aq is Galois. Denote by 
7t(j4) the centralizer subalgebra Ca(Aq) of Aq in A. It is clear that tt(A) is an 
i? op -subcomodule subalgebra of A. The Miyashita-Ulbrich-Van Oystaeyen action 
[111 1151 ITB) of H on tt(A) is given by 



where J2 Xi(h)®Yi(h) = /3 _1 (l<g)/i) for he H. It is well known that the right H op - 
comodule algebra n(A) together with the action (|27|) is a YD f/-module algebra 
(e.g., see [21 EJ)- Moreover, n(A) is quantum commutative in H_yT) H . If, in 
addition, A is i?-Azumaya, n(A) is an object in Gal(Hij) (see ^1 Proposition 
4.6]). Thus, 7r induces a group homomorphism 



where [A] is taken in BC(fc, H, R) such that A is a Galois i?-Azumaya algebra. The 
group homomorphism tt fits in the exact sequence Q of groups: 



Similarly, we have a group homomorphism tt: BC(fc, H a , R a ) — > Gal(7i^„ ) and such 
an exact group sequence ||TJ for BC(fc, H" ', i? CT ) and Gal(7i^„). We will prove that 
the exact sequence {Q is stable under a cocycle deformation. We will need the 
following isomorphism £ later on. 

Lemma 3.13. Let A be a right H op -comodule algebra. Then the k-linear map 
£ : A®H -> A® if, a®/i ^ a (0) ® h^<T(S~ 1 (h^) ® fy^cr -1 ^ -1 ^)) ®a (1) ) 
is an isomorphism with the inverse given by 

£ _1 (a ® fe) = Q(o) ® ft(3)0' _1 (/i(2) <8> S' _1 (/i(i))a( 1 )), a e A,h e H. 

Proof. Let (^tAcgi/^AcgiJbea fc-linear map given by 




(27) 




tt: BC(fe, ff, i?) -> Gal(W fi ), [A] i-> [tt(A)], 



1 -> Br(fc) -> BC(fc, H, R) A Gal(H R ). 



tp(a ® h) = ^2 a (o) ® fysjc 1 (/i( 2 )®S' 1 (/i ( i))a (1) ). 



COCYCLE DEFORMATIONS AND BRAUER GROUP ISOMORPHISMS 



31 



Then for any a <g) h € A ® H, we have 

(<pO(a®h) = J>(a (0) ®/ ) , (4) )a(S*- 1 (/i (2) )®/?, (1) )a- 1 (S'- 1 (^(3))«'a(i)) 
= E(°(o) ® ^(6))o-(5' _1 (^(2)) ® /i(i)) 

0- _1 (^(5) ® 5'" 1 (^(4))fl(l))ff _1 (5' _1 (^(3)) ®C(2)) 

E(a(o) ® ^(7))o-(5' _1 ( /l (2)) ® /i(i)) 
( j- 1 (/ l(5) S'- 1 (/i ( 4 ) ) ® a (1) ) ( j- 1 (^(6) ® S _1 (ty3))) 
£(a ® fys^HV) ® ^(tys)))^ -1 ^)) ® V)) 

X)(0 <g> /l (7) )cr(/l (5) 5" 1 (/l (4) ) (g) /l( 1 ))(T- 1 (/l (6) <g> S , - 1 (/l (3) )/l(2)) 

= a ® /i 



IHJ 



,7, 



and 



(£<£>) (a ®/&) = E(("(o)®' 1 (3))^ 1 ('i(2)®S" 1 (A(i))fl( 1 )) 

= E(«(o) ® tyejM 5 " 1 ^^)) ® ^(3))o- _1 (5 ,_1 ( /l (5)) ® a (1) ) 

0- _1 O(2) ® S'- 1 (/i (1) )a (2) ) 
= E(«(o) ® ^(8))o-(5' _1 ( /i (6)) ® ^(5))o-^ 1 (5 ,_1 ( /l (7)) ® a(i)) 
c r (^(3)S ,_1 ( /l (2)) ® a(2))CT _1 ( /l (4) ® 5 ,_1 ( /l (i)) a (3)) 

XX a (0) ® /i (7))o-('5' _1 ( /l (5)) ® /i (4))o- _1 ( 5 ' _1 (^(6)) ® O(i)) 

a-^fto) ® ^- 1 (/ l(2) )) ( r(5- 1 (^ (1) ) ® a (2) ) 

E( a (o) ® ^(3))o- _1 (5 ,_1 (' l (2)) ® a (1) )CT(5" 1 ( /l (i)) ® a(2)) 
= a® h. 



,9: 



This shows that £ is an isomorphism and £ 1 = tp. □ 



Let A be a right i/ op -comodule algebra. Recall that the product of q_(A) is given 
by a» & = E a (o)^(o) cr_1 ( a (i) f° r au a,b £ A. Thus, if a € A , then a»b = ab 

and 6» a = ba for all 6 € A. Moreover, a(A)o = Aq as algebras because H a = H as 
coalgebras and <r(A) = A as right _ff-comodules. 

Lemma 3.14. Lei A be a right H op -comodule algebra. Then g_(A) / g_(A)$ is an 
(H a ) op - Galois extension if and only if A/Aq is an H op -Galois extension. 



Proof. Note that g_(A) ® a (A) z[A) = A <E>a q A as fc-modules. We claim that the 
following diagram commutes: 

d,A) ®a (A ) <L{A) 
1 = 

A® Ao A 



a(A) ® H° 
A® H, 



:S2 
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where (3 a is the Galois map for the right (i? CT ) op -comodule algebra g_{A) and £ is 
the isomorphism given in Lemma 13.131 Indeed, given a, b £ ct(^4), we have 

W)(a®b) = {(Efl«l(Q)8i(i)) 

= E£( a (o)6(o) ® &(2))ct _1 (&(i) ®a(i)) 

= E( a (0)6(0) ® &(6))cr(S , " 1 (& (4) ) <g> 6(3)) 

cr _1 (S'" 1 (6(5)) <g) 6(i)a ( i ) )cr" 1 (6(2) ® 0(2)) 

E0(0)&(0) ® ^(7))^(<5 _1 ( fo (4)) ® 6(3)) 

a- 1 (5- 1 (6( 6 ))6 (1 ) ® a (1 ))(7- 1 (5- 1 (6(5)) 6(a)) 
= E( a (o)6(o) ® 6(3))c r_1 (S'~ 1 (6(2))6(i) ® a ( i)) 
= E afe (o) ® 6(i) 
= 0(a®b). 

It follows that /3 CT is isomorphic if and only if j3 is isomorphic. That is, a(A) / g_(A)o 
is ( J ff CT )°P-Galois if and only if A/A is tf^-Galois. □ 

Theorem 3.15. The following diagram commutes with exact rows: 

1 — > Br(fc) — > BC(k,H,R) GaX(H R ) 

1= is. 1<L 

1 — ► Br(fc) — > BC{k, H°,R a ) Gal(W^). 



Proof. It is enough to verify that er tt—tt g_ as group homomorphisms from BC(/c, H, R) 
to Gal(W^ CT ). Let A be a right if op -comodule algebra. Suppose that A is a Galois 
i?-Azumaya algebra. By Corollary 12 . 41 and Lemma r3.14l thc right (i7 <T ) op -comodule 
algebra g_(A) is a Galois i? CT -Azumaya algebra. Since g_(A)o — Aq and a • 6 = ab for 
all agio and b e cr(A), we have that C z ^(a(A)o) = Ca{Aq). This means that 
n(g_(A)) — n(A) as right ii-comodules since H a = H as coalgebras. It follows that 
k{cl{A)) — g_{it{A)) as right (iJ CT ) op -comodule algebras. It remains to verify that 
the ff CT -actions on Tr{g_(A)) and a(n(A)) coincide. 

Let J2 ® Yi(h) = ^(l (g> h) in A ® Ao A for any he H. Then the if-action 

on ir (A) is given by 12711 . By Lemma f3 . 1 31 and the proof of Lemma f3. 141 we know 
that 

(/rr'a ® ^ = ® ^ = E f7 (^ 1 (^(2 ) ) ® ft(i))x i (/ l ( 3 )) ® ^(ft( 3) ), 

for all /i G iJ CT . Hence the H "'-action on %(a(A)) is given by 

ft v a = °"(-5' _1 (ft(2)) <S> ft(i))Xi(/i(3)) • a • ^(/i (3) ), heH a ,ae n(a(A)). 

If we define two right i7-comodule structures on A ®a A and A ® H op by a ® 6 i— » 
E a ® ^(o) ® 6(i) and a ® ft i— » a fyi) ® h@) respectively, then it is easy to see 
that the Galois map (3 is an ii-comodule isomorphism with respect to the comodule 
structures. It follows that 

J2Xi{h) ® Fi(ft)( ) <8 Yi(h) (1) = x i(h(i)) ® ^(ft(i)) ® ft(2) 

for all h E H. On the other hand, if we define two right 77-comodule structures on 
A <S)a„ A and A ® 77 op by a <& 6 i— > E °(o) ® 6 ® O(i) and a (8) /i i— > E a (o) ® ft(2) ® 
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S (ftm)an) respectively, then j3 is also an _ff-comodule isomorphism with respect 
to the foregoing defined comodule structures. It follows that 

J2x t {h) {0) ®Yi(h) ®Xi(h) {1) =J2x i {h i2) )®Y i (h (2) )®S- 1 (h (1) ) 

for all h G H. Now we have 

= E cr (5' _1 (^(2)) ® h ( i))Xt(h {3) ) • (a (0) y i (/i (3) ) (0) )cr- 1 (y i (/i (3) ) (1) ® a (1) ) 
= J2 (7 ( S ^ 1 ( h (2)) ® fyi))-Xi(fy;3)) • (a(0)>i(^(3)))CT _1 (/i(4) ®a(i)) 

= T, cr ( S ^ 1 ( h (2)) ® tyl) ).Xi(ft(3)) (0)0(0) *i Cl(3))(0) 

(T" 1 (r i (/l (3) ) (1) a (1) «)X l (/(, ( 3 ) ) (1) )(T- 1 (/l ( 4 ) ®0( 2 )) 

= Y. X i{ h ii)) a (0) Y i{ h (A))< T ( S ~ 1 { h {2)) ® h {1) ) 
O-" 1 (ft(5)0(l) ® 'S'" 1 (^(3)))c r_1 ( / ''(6) ®0( 2 )) 

E -^i(^(5))O(0)^ (ft( 5 ) )cr _1 (/l(7)fl(2) ® S^ 1 (ft( 3 ) )ft( 2 ) ) 
cr ( /l (6)a(i)5 ,_1 (/l( 4 )) ® /l( 1 ))o- _1 (/l( 8 ) ® 0( 3 )) 

E^( /l (3))a(o)> / i(ft-(3)) cr ( /l (4)a(i)'S' _1 ( /l (2)) ® ft.(i))cr" 1 (/i (5) (8) a (2) ) 
X>(3) • a (0) cr(/i (4) a (1) S'" :L ( ft -(2)) ® /l (i)) cr_1 ( ft -(5) ® a (2) ) 
h a. 



ED 

an 



Thus we have proved that h ■„ a = h a for all a G 7t(ct(A)) = ct(7t(A)) and 
ft G iP. Whence, tt(ct(A)) = a(n(A)) as YD /F-module algebras. □ 
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